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Abstract. Learning-based approaches to verifying unknown Markov de-
cision processes (MDPs) often employ uncertain MDPs. These models use,
for example, confidence intervals to capture transition uncertainty and
allow synthesis of policies that are robust to this uncertainty. However,
this approach typically quantifies uncertainty independently for individual
transition probabilities, ignoring dependencies due to shared latent quan-
tities. We propose to learn such models using parametric MDPs (pMDPs),
where transition probabilities are expressions over a set of parameters. We
project statistical uncertainty from empirical transition frequencies onto
the pMDP’s parameter space, yielding a probably approximately correct
(PAC) uncertainty model for the underlying MDP that respects the alge-
braic dependencies between transitions. The resulting models are algorith-
mically challenging to solve, so we propose a hierarchy of sound polytopic
outer approximations of the induced confidence set. We implement and
evaluate our approach, demonstrating substantially tighter uncertainty es-
timates than classical interval-based uncertain MDP learning techniques.

1 Introduction

Markov decision processes (MDPs) are the standard formalism for sequential
decision-making under uncertainty. Their classical formulation assumes that
all transition probabilities are known exactly, which is rarely realistic in prac-
tice. Two closely related model classes relax this assumption: uncertain MDPs
(UMDPs) [23,33,47] and parametric MDPs (pMDPs) [21,28]. UMDPs represent
epistemic uncertainty by associating transition probabilities with uncertainty sets
of admissible values; interval MDPs (IMDPs) are a common example. pMDPs
specify transition probabilities symbolically as expressions over parameters that
range over an admissible parameter space. Both formalisms thus capture impre-
cise model knowledge by describing not a single precise model, but a family of
models, each representing a possible true underlying system.

Parametric MDPs have found applications in model repair [7,30], sensitivity
analysis [5], and quality-of-service control [12], predominantly via the problem
of parameter synthesis [13,16,17,24,36], which partitions the parameter space
into two regions, corresponding to parameter valuations for which the model
respectively satisfies or violates a given property. Uncertain MDPs have emerged
as a standard model for reasoning about robustness: they support the synthesis of
robust policies, i.e., policies that are optimal under the assumption that epistemic
uncertainty is resolved adversarially by the environment, selecting the worst-case
admissible distributions with respect to the agent’s desired objective [23,33,47].
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UMDPs are therefore well suited to learning-based methods for the verification
of MDPs whose transition probabilities are unknown. Typically, uncertainty
sets for transition probabilities are learned from interactions with the true but
unknown system, for instance as statistically sound confidence sets such as
confidence intervals [2,32,38,40,43]. The resulting learned UMDP then contains
the true system with high confidence. Consequently, any robust policy synthesised
on this UMDP is guaranteed, with the same confidence, to achieve on the true
system at least the robust value certified by the learned model.

Existing approaches to UMDP learning typically treat transition probabilities
across the model as independent, learning separate confidence sets for each
of them [6,42,43]. In practice, however, these distributions are often coupled
through shared latent quantities, such as common failure probabilities, shared
reliability parameters or global environmental conditions that remain fixed and
affect multiple transitions. Such dependencies are often structurally known and
are conveniently represented by pMDPs, even though the precise values of the
underlying quantities are unknown and cannot be directly observed.

This work addresses the problem of UMDP learning under known structural
parametric dependencies that are captured by a pMDP. We assume a known
pMDP for which an unknown parameter instantiation induces the true underlying
system. From sampled interactions with this system, we first derive statistical
confidence sets for the individual transition probabilities and then exploit the
parametric structure of the pMDP to project these sets into the parameter
space. This yields a confidence region in parameter space that contains the true
underlying parameter instantiation with high confidence.

Example. We illustrate this idea using an example: a Mars-rover navigation
domain, inspired by the semi-autonomous vehicle environment in [25,41]. A
controller communicates with the rover via two lossy satellite channels while the
rover attempts to collect samples and return home. The probability of successful
communication depends on the rover’s position through known coefficients, but on
unknown channel reliabilities. At each position, it is given by v 760 = v16; +v96s,
where v = (v1, v2) is position-dependent and § = (6;, 62) are the unknown reliabili-
ties. The domain is therefore naturally modelled as a pMDP as shown in Figure 1a.

From sampled transitions of the rover, the standard approach learns an IMDP
by assigning a confidence interval to each transition probability; see Figure 1b.
This yields a robust model with formal confidence guarantees on inclusion of the
true unknown system, but treats transition probabilities as independent. In our
example, however, they are coupled through the shared parameter instantiation 6.

Our approach exploits this structure by projecting the learned transition-wise
intervals through the parametric structure of the pMDP into the parameter space.
Each learned transition confidence interval [, u] induces constraints of the form

l é 1)191 + '1)202 S u.

Collecting these constraints yields a parameter confidence region U, as shown in
Figure 1c. With high confidence, the true parameter instantiation lies in U.
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(a) Parametric MDP (b) Learned IMDP (¢) Confidence Region

Fig. 1: Construction of the parameter confidence region ¢ from a learned IMDP.

The confidence region U, together with the pMDP, induces a UMDP U that
contains the true MDP with high confidence. This is tighter than a UMDP
constructed from the confidence sets for individual transitions (e.g., the IMDP in
Fig. 1b) since it rules out transition functions that are inconsistent with any of the
constraints induced by the parametric expressions and the learned intervals, lead-
ing to less conservative robust policies and tighter guarantees from the same data.

However, because of its (non-rectangular) structure, the UMDP U is computa-
tionally very challenging to solve. We tackle this problem by proposing a hierarchy
of relaxations of the induced uncertainty set, yielding UMDPs that can be solved
more efficiently to generate robust policies. All relaxations are sound and thus
produce probably approzimately correct (PAC) [44] performance guarantees. This
hierarchy illustrates a clear trade-off between the tightness and efficiency of the
relaxations. We implement our methods and evaluate them on a range of estab-
lished benchmarks. The results demonstrate substantially tighter uncertainty
estimates than classical interval-based uncertain MDP learning techniques.

2 Preliminaries

For a finite set X, let A(X) = {pu: X —[0,1] | >°_ . p(x) = 1} denote the set
of probability distributions over X.

Definition 1 (Markov decision process). A (finite) MDP is a tuple M =
(S, A, sg, P), where S is a finite set of states, A is a finite set of actions, s € S is
an initial state, and P : S x A — A(S) is a transition kernel. We write P(s,a)(s’)
(or P(s,a,s")) for the probability to move from state s to state s’ under action a.

A policy (or strategy) is a function 7: S — A that selects an action 7(s) in
each state s. An (infinite) path is a sequence p = s%a"stal --- € (S x A)* such
that P(st,a?)(s'™1) > 0 for all ¢ > 0. We write Paths(s) for the set of paths
starting in s and I for the set of policies. An objective is a measurable mapping
R: Paths(s) — R assigning a return to each path. Typical objectives are based
on satisfaction of temporal-logic properties [10] or accumulation of rewards [35].
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A policy 7 € II executed in an MDP M induces a probability measure over
Paths(s) [35]. We define the value of 7 in s as Vy;(s) == E}; [[R].

2.1 Parametric and Uncertain MDPs

Let © = {61, ...,0¢} be an ordered set of parameters. A parameter instantiation
is a vector u € R¢. We assume that all garameters are bounded, i.e., I; < u; < u;
for some I;, u; € R, and refer to D = [],_, [l;, u;] as the parameter space. Let Q[O)]
denote the ring of polynomials over @ with rational coefficients. Each f € Q[O)]
induces a function f : R — R, where f[u] denotes the polynomial f evaluated
by substituting every occurrence of #; with its instantiation u;. We denote by

Ao(X)={f: X - Q[O] | YueD. f(z)[u] €[0,1], Y f(x)[u] =1}

zeX

the set of all parametric probability distributions over a finite set X, i.e., the set
of all parametric functions that induce a valid probability distribution over X
for any parameter instantiation u € D.

Parametric Markov decision processes extend standard MDPs by allowing
transition probabilities to be specified as parametric probability distributions,
where fixing a parameter instantiation yields an ordinary MDP.

Definition 2 (Parametric MDP). A parametric MDP (pMDP) is a tuple
Mo = (S, A, 80,0, Pg), where S, A, so are as for MDPs, © is a parameter set,
and Pg : S x A — Ag(S) is a parametric transition probability function. For
a parameter instantiation u € R!, we obtain the instantiated MDP M[u] =

(S, A, so, Plu]) with P[u](s,a)(s") := Po(s,a)(s")[u], for all s,s' € S, a € A.

In this work, we assume there is a true but unknown MDP M, obtained by
instantiating a known pMDP Mg with an unknown parameter instantiation u.
The objective is to learn, from sampled interactions, an approximation of the
true dynamics with quantified uncertainty, and to synthesise policies that are
robust to the residual uncertainty. To represent partial knowledge, we adopt the
framework of UMDPs. A UMDP is an MDP in which transition probabilities are
not fixed, but are only required to lie in specified uncertainty sets.

Definition 3 (Uncertain MDP). A UMDP is a tuple U = (S, A, s, P), where
S, A, so are as for MDPs and P C (A(S))*4 is an uncertainty set of admissible
transition probability functions P € P. The UMDP is (s,a)-rectangular if P
factorises as the product of local uncertainty sets, i.e., P = H(s,a)eSxA P(s,a),
where P(s,a) C A(S). Otherwise, the uncertainty is coupled (non-rectangular).

There is a close relationship between pMDPs and UMDPs. Given a pMDP
and a set U of admissible parameter instantiations, we obtain a UMDP by
letting the uncertainty set contain exactly the successor distributions induced
by instantiations u € Y. Conversely, a UMDP can be represented as a pMDP
together with a set of admissible parameter instantiations inducing precisely the
uncertainty set. We formalise this correspondence in Appendix B.
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In this work, the known pMDP serves as a structural model, capturing depen-
dencies across transitions. From sampled interactions with the unknown system,
we infer a set of plausible parameter instantiations & with quantified confidence
and, equivalently, a UMDP whose uncertainty sets contain the transition distri-
butions consistent with /. This UMDP is then used for robust policy synthesis
under the remaining uncertainty about the true dynamics of M.

Interval MDPs. We recall a standard class of UMDPs that we use throughout.
An interval MDP (IMDP) specifies, for each (s,a,s’) € S x A x S, component-
wise lower and upper bounds £ 4 ), U(s,a,s') € [0,1]. The admissible successor
distributions from (s,a) then are those whose components respect these bounds:

P(s,a) = {u e A(S) ‘ Vs' €8 Lppan < pu(s)) < u()}

2.2 Solving Uncertain MDPs

For a UMDP, a robust policy is one that optimises worst-case performance over
all admissible transition kernels. Following the standard robust MDP interpre-
tation [23,33,47], we view uncertainty as being resolved adversarially by an
environment (or nature) that selects admissible transition probabilities. Formally,
an agent policy 7 and an admissible transition kernel P € P induce a probability
measure over paths [48]. We denote the corresponding expectation by E% [R]
and define the value of state s under (m, P) as V5 (s) :== E}, ([R]. The robust value

is the maximal expected return under the worst-case nature:
Vi(s) == sup inf VZ(s), (1)

well PeP

and a robust-optimal policy is any ©* € argsup, infp VZ(s). In particular, 7*
guarantees to achieve at least Vj(s) for any admissible transition kernel P € P.
Computing (1) can be challenging in general, in particular for coupled uncer-
tainty sets [47|. For rectangular uncertainty (i.e. P =[], ,) P(s,a)), the inner
minimisation decomposes into local optimisations at each state—action pair, and
the robust value satisfies a Bellman-type optimality equation. For example, for
reachability with target set 7' C S, the robust Bellman equations take the form

Vii(s) = max min sSYVa(s'), seS\T, 2
6 =y i SV, 58\ @)

Inner Optimisation

together with boundary conditions Vj(s) =1 for all s € T'. Analogous robust
Bellman equations can be given, e.g., for expected or discounted reward objec-
tives [23,33]. These equations can be solved with robust value iteration, i.e., by
repeatedly applying the robust Bellman operator until convergence [23,33].

2.3 Learning Uncertain MDPs

We review the basics of learning an UMDP from data generated by an unknown
MDP M. We assume access to a dataset of transition samples C' = {(s;, a;, 8;)} 71,
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obtained either (i) by collecting trajectories in the MDP, i.e., episodic sampling
with restarts from the initial state, or continuing interaction, or (ii) via a generative
model that allows direct sampling of next states for state—action pairs [40,42].

From C we extract the empirical counts #(s,a) and #(s, a, s') for all s, s €
S, a € A, where #(s, a) is the number of occurrences of (s, a) and #(s,a, ') the
number of observed transitions from s to s’ under action a. Whenever #(s,a) > 0,
the empirical estimate of the transition probability is P(s,a,s’) := %‘15)’)

A standard UMDP learning technique is to construct an IMDP that over-
approximates the unknown transition probabilities by confidence intervals. For
each (s,a,s"), we view #(s, a, s’) as a binomial observation with #(s, a) trials and
success probability P(s,a,s’), and lift the empirical estimate ]5(5, a,s’) to a con-
fidence interval I,(s,a,s') := [{(s,a,s), u(s,a,s')], such that Pr[P(s,a,s') €
I,(s,a,s")] > 1—+, for v € (0,1). Suitable choices for I, include standard
binomial confidence intervals such as the Clopper—Pearson interval [14, 32]. If
#(s,a) = 0, no information is available for that state—action pair, and we therefore
use the trivial interval I, (s,a,s’) = [0, 1] for all s € S.

For the objectives considered in this paper, such as reachability probabilities,
intervals containing both zero and non-zero values can be handled directly by
the robust value iteration in Eq. (2). For more general temporal-logic objectives,
however, satisfaction may depend on the graph structure of the UMDP. In that
case, intervals containing both zero and non-zero values allow the adversarial
nature to alter the graph structure itself, which complicates robust synthesis. This
issue is not specific to our approach, but inherent to temporal-logic reasoning
over UMDPs in general. Existing techniques therefore often assume constant
support, i.e., that the set of successors is known a priori [42,43,48]. Under this
assumption, one may replace any lower bound 0 in the learned intervals by a
sufficiently small € > 0 in order to preserve the known graph structure.

To obtain an overall confidence level 1 — ¢, with § € (0, 1), we distribute the
confidence budget across all transition probabilities and set v := §/|S x A x S|.
Hence, with probability at least 1 — §, the unknown MDP is contained in the
learned IMDP (e.g., [38,43]). Consequently, the value of a policy on the learned
IMDP yields a (1—¢)-valid lower bound on the performance of the policy in M.
Other common constructions of uncertainty sets P(s, a) with formal confidence
guarantees include, e.g., Li-norm balls based on the Weissman inequality [40,46].

2.4 Parameter Tying

An established method for improving IMDP learning in the presence of known
parametric dependencies is parameter tying [18,34,37]. Consider two transitions
(s,a,s") and (t,b,t') in Mg with s # t and Pg(s,a,s’) = Po(t,b,t'), i.e., both
transition probabilities are described by the same expression. Then the samples
in C obtained for these transitions correspond to the same Bernoulli experiment
and can be pooled to derive a single interval, which is then assigned to both
transitions. Moreover, the number of components to be learned over which we
distribute the overall confidence budget § reduces to the number of distinct
parametric expressions in Mg. Details are provided in Appendix C.
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Parameter tying applies only when parametric expressions are ezactly equiva-
lent. Our approach instead aggregates information from the parametric structure
and the collected samples by projecting the learned constraints through the
algebraic structure of Mg into the parameter space. This jointly accounts for
observations across all transitions and can tighten uncertainty even for transitions
whose expressions have not been observed in any sample in C. We use param-
eter tying as a pre-processing step: we pool the observed counts for equivalent
parametric expressions and then apply our technique to the pooled data. Let

A = {Po(s,a,8)|s,s €S acA} (3)

be the set of distinct parametric expressions occurring in Mg. We distribute the
confidence budget only across those expressions that are not constant polynomials:
Ak = {feA| f¢Q}. For each f € Aynk, we compute from the pooled
counts a confidence interval [If,u¢] as per Section 2.3 such that, under the true
but unknown parameter instantiation u, Pr[l 7 < flu] < uf] > 1 - ﬁ
For constant expressions f € A\ Aynk, we set Iy = uy = f. Substituting each
occurrence of f in Mg by the corresponding interval I, us] yields an IMDP that
contains the true (unknown) MDP M with probability at least 1 — 4.

3 Robust Parametric UMDP Learning

IMDP learning inherently assumes that all transition probabilities are independent
and learned as individual confidence intervals. We now introduce our approach
which leverages dependencies specified by an underlying pMDP model. From the
observed transitions, we infer a set of plausible instantiations Y with quantified
confidence, exploiting the dependencies captured by shared parameters.

Throughout, we consider a fixed pMDP Mg and an unknown MDP M induced
by Me under an unknown parameter instantiation u. We further fix a data set of
i.i.d. transition samples C' obtained from M, as described in Section 2.3. We focus
initially on the case where the per-transition uncertainty sets are intervals, i.e.,
we learn an IMDP approximation of M and then project it into the parameter
space. The same ideas extend to other classes of uncertainty sets, such as L;-balls
that preserve per-state coupling [40], as we shall discuss in Section 3.4.

Given the learned intervals [I, us] for f € A, we define the uncertainty region

U= {veD|VfeA: < flv]<us}. (4)

The region U contains exactly those parameter instantiations that satisfy all
learned interval constraints simultaneously. Together with the pMDP Mg, it
induces a UMDP U = (S, 4, so, Py), where the uncertainty set consists of all
transition kernels obtained by instantiating Mg with a parameter vector in U:

Py = {Plv] € (A(S)*** |velU}.

Theorem 1 (Soundness of U). With probability at least 1 — 0, the true param-
eter instantiation u satisfies u € U. Equivalently,

Pr[Plule Py ] > 1-4.
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Consequently, for any policy m € II and state s € S, with probability at least 1 — 0
the robust value under the induced UMDP lower-bounds the true value in M, i.e.,

Pr[ Vi(s) < Vi(s)] = 1-4. O

The induced UMDP U also yields a robust policy 7*. By Theorem 1, 7*
achieves, with probability at least 1 — ¢, at least its robust value V/7(s) on the
unknown MDP M [u]. However, computing the robust value and policy from U
remains very challenging. We summarise the key issues below and then describe
in more detail how we address them in the remainder of this section.

1. Non-rectangularity and tractability (Sec. 3.1). The uncertainty set Py
for U is in general non-rectangular: shared parameters couple uncertainty
across states and actions. As a consequence, the robust optimisation problem
in (1) becomes very difficult and robust policy synthesis is NP-hard in
general [47]. We therefore introduce a family of rectangular relaxations that
over-approximate Py,. These relaxations preserve the soundness of Theorem 1,
while enabling efficient synthesis. For each relaxation, we analyse (i) the cost
of constructing it, (ii) the resulting complexity of robust policy synthesis,
and (iii) its tightness. Further, we establish an inclusion hierarchy among the
uncertainty sets, making the tightness—efficiency trade-off explicit.

2. Polynomial constraints and linearisation (Sec. 3.2). The uncertainty
set Py is in general defined by polynomial constraints, since transition
probabilities may be polynomial functions of the parameters. As a result, even
after rectangularisation, the inner optimisation in (2) can remain challenging,
as it requires optimisation under polynomial constraints. We therefore leverage
linear relaxations that transform these polynomial constraints into linear ones.
Combined with rectangular relaxations, we show that this yields tractable
inner problems, while retaining tight uncertainty sets.

3. Possible emptiness of P, (Sec. 3.3). Finally, we show that, unlike in
standard IMDP learning, the induced uncertainty set P;; may be empty. We
give a statistical interpretation of this edge case, derive an upper bound on
the probability that it occurs, and provide a principled fallback mechanism.

3.1 Rectangular Relaxations

Robust policy synthesis over Py is intractable in general, since P, may be
non-rectangular. We therefore introduce a range of rectangular relaxations, i.e.,
uncertainty sets that over-approximate P,;. These relaxations preserve the inclu-
sion guarantee for the unknown MDP M |u] while enabling tractable synthesis.
For each relaxation, we describe the additional effort required to construct it, as
well as the resulting complexity of policy synthesis, measured by the cost of the
inner minimisation in (2) in each iteration of robust value iteration. We organise
the relaxations into an inclusion hierarchy relative to P;; and to the baseline
uncertainty set Pr induced solely by the intervals, as depicted in Figure 2.
From here on, for ease of presentation, we assume that each parametric
expression f € A is linear in the parameters. This comes without loss of generality,
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P1 S Paw) 5 Prw) 5 Pu
Pre: - = Pre: O(|A]) LPs - Pre: — / V-precomp. - Non-rectangular
VI: Bisection VI: Bisection VI: LP / V-scan NP-hard
’~:';o’
%
‘\”0%96 />/ Uncertainty Sets
x’./@ Pu : Induced Uncertainty Set
Pru) : Rectangular Relaxation
P@(u) Paw) : Expression-wise Projection
Pre: O(|0|) LPs Po) : Parameter-wise Projection
VI: Bisection ‘Pr : Parameter Tying

Fig. 2: Inclusion hierarchy of the considered uncertainty sets. For each set, we
report the computational effort required to construct the relaxation (Pre), in
addition to computing the confidence intervals and constructing the model, and
the effort per inner minimisation during robust value iteration (VI).

as we will discuss in Section 3.2 how to relax polynomial constraints into linear
ones while preserving soundness of the resulting uncertainty sets. Recall that
we consider the case where the original uncertainty sets derived from data are
confidence intervals. As we shall argue in Section 3.4, our results on rectangular
relaxations extend to other uncertainty classes, such as Li-balls and ellipsoids.

Rectangularisation via local projections. The most natural way to relax a
non-rectangular uncertainty set into a rectangular one is to allow the adversarial
environment to choose its worst-case transition probabilities independently in each
state—action pair. Formally, given the coupled uncertainty set Py, its rectangular
relazation Pry) is the product of its local projections:

Pruy = H Pru(s,a), where Pgrey(s,a) = { P[v](s,a) ‘ veul.
(s,a)ESXA

Rather than requiring a single instantiation v € U to be used consistently through-
out the pMDP, the environment can select an instantiation from U separately
for each state—action pair. Essentially, this corresponds to renaming each shared
parameter, thus eliminating dependencies [22,36]. This is a relaxation as it grants
the environment more power: it may choose a different worst-case instantiation
from U for each state—action pair, which can only decrease the robust value.
Since each parametric expression f € A is linear and constrained by interval
bounds Iy < f[v] < uy, the uncertainty region U is a polytope. Hence, for a
state—action pair (s, a), the inner minimisation in (2) reduces to a linear program:

or, equivalently:

i NVE(S) st < < :

min Z Pv](s,a,s")Vi5(s') st Iy < flv]<wuy, VfeA
s’es

Hence, policy synthesis via robust value iteration requires solving a linear program

for each state—action pair in every iteration. In practice, this can often still
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be efficient for two reasons. First, the feasible region is fixed: the constraints
defining U depend only on the parametric expressions and the learned bounds
[lf,ur], and thus can be constructed once and reused throughout value iteration.
Second, successive iterations induce only small changes in the objective, since
the coefficients P[v](s,a,s’) are fixed and the value estimates converge. Using
a simplex-based LP solver [9,45], we can warm-start from the vertex that was
optimal in the previous iteration. Since the changes in the objective become
smaller as value iteration converges, the previously optimal vertex is often still
optimal, or close to optimal, so only few steps are needed to update the solution.

Alternatively, since each inner optimisation is over the same feasible region U,
which remains fixed, we can precompute a vertex representation of U, i.e., its set
of extreme points. This is closely related to the enumeration approach used in
parameter synthesis when the parameter space is a hyperrectangle [22,36]. The
inner minimisation then reduces from solving an LP to evaluating the objective
at the vertices. However, converting a polytope to vertex representation can be
expensive in general, and the number of vertices may grow exponentially with the
dimension of the parameter space. This approach is therefore only suitable for
low-dimensional parameter spaces, as we examine in the evaluation in Section 4.

Expression-wise projections. We next consider a relaxation that projects
U back to interval bounds over the parametric expressions. This aggregates
information from all transitions jointly through U and can yield substantially
tighter intervals than those obtained directly through parameter tying. The
resulting model is an IMDP, whose inner optimisation in robust value iteration
can be solved efficiently via bisection [23,33].
For each expression f € A, we derive refined bounds lj/} and uj} as the minimum
and maximum values that f[v] can attain over v € Y. Concretely, we solve
l;‘ := min f[v] uj} = max fIv]-

We define the corresponding rectangular interval uncertainty set P4y as

Pawy(s,a) = {u € A(S) ‘ Vs' €5 Ipy(gasy < uls) < uﬁe(s’a’s,)}.

Computing P 4 requires solving 2| A| linear programs. Robust value iteration on
the resulting IMDP then has the same per-iteration cost as the standard interval
model, but can yield significantly tighter uncertainty sets since the bounds reflect
information aggregated across all transitions through &. Moreover, the individual
LPs are independent and can be solved in parallel when constructing the model.

Parameter-wise projections. Expression-wise projections can be expensive
when the number of distinct expressions |4] is large. As an alternative, we project
U to interval constraints on the parameters © themselves. Concretely, this yields
an axis-aligned over-approximation of the polytope U by projecting onto each
parameter dimension and forming the corresponding enclosing hyperrectangle.
For each parameter 6; € ©, 1 < i < £, we compute its lower and upper bounds
over the uncertainty region U by 8, := miny¢y v; and 0; = maxyey v;. These
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define the smallest hyperrectangle that contains U, B(U) = Hle[ﬁi,@] o Uu.
We then derive bounds for each expression f € A by evaluating it over B(U),

l]@ = vénBia{)f[v}, u? = vrenBa()é{)f[v].

Since each f is linear, these extrema are attained at a vertex of B(U). Thus,
computing l? and u? is simpler than the expression-wise projection bounds, as it
does not require solving an LP over U, but only selecting, for each parameter 6;,
either 0, or 6; according to the sign of its coefficient in f. The resulting interval
uncertainty set Pg(y) is then defined analogously to P, )-

Computing Pe () requires solving 2|6| linear programs over U, which can be
significantly cheaper than solving two LPs for every expression in A. However, the
hyperrectangle B(U) discards dependencies between parameters and may there-
fore yield considerably looser bounds than expression-wise projection. Moreover,
the induced intervals need not be tighter than the original intervals obtained
directly from the samples: the two constructions are, in general, incomparable,
and either can produce tighter bounds. We provide counterexamples for both
directions in Appendix A. To recover inclusion of the original intervals, one can
simply intersect the resulting bounds.

We now state the inclusion hierarchy of the discussed uncertainty sets. We
denote by P; the original interval uncertainty set obtained from the samples
using parameter tying as described in Section 2.4.

Theorem 2 (Inclusion hierarchy). The following inclusions hold:
Pr 2 Pawy 2 Pray 2 Pu, and Powy 2 Pawy-
Moreover, Po s in general incomparable to Pr. O

The inclusion hierarchy of Theorem 2 implies that every over-approximating
relaxation inherits the same high-confidence inclusion guarantee for the true,
unknown MDP as Py, in Theorem 1. Consequently, all such relaxations can be
used for robust policy synthesis with high-confidence performance guarantees.

3.2 Linear Relaxations for Polynomial Constraints

Thus far, we assumed that the parametric expressions in A are linear, and hence
that U is a polytope in the parameter space. In general, transition probability
expressions in a pMDP may be polynomials in the parameters, which makes
the projection constraints [y < f[v] < uy non-linear. As a consequence, the
rectangular relaxations introduced in Section 3.1 no longer reduce to linear
programs. To retain tractability while preserving soundness, we construct a linear
outer approximation of the feasible region using McCormick envelopes [31,39].

McCormick envelopes are linear inequalities that describe the convex hull of a
bilinear term z = xy with upper and lower bounds z < z <7 and y < y <7 [31].
Concretely, they are given by: B

8|
8|

z2yr+zy—zy, Syr+zy-—-7y, 5)
Z22yYr+Ty—7TY, Syr+zy -2y

1=
1=
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While McCormick envelopes provide the exact convex-hull relaxation of a single
bilinear term, they can be applied compositionally to obtain a linear outer approx-
imation of an entire polynomial constraint. For instance, for the cubic monomial
010205 we introduce auxiliary variables z15 = 6105 and 2103 = 21203 for the
intermediate products, and add the McCormick envelopes in (5) for both bilinear
terms. Applying this construction to all monomials in the constraint system
defining U in (4) yields a system of linear constraints that over-approximates the
original polynomial relations. As an outer approximation, it preserves soundness
and can be used within our relaxations. Formal details on the construction and
the resulting inequality system, are provided in Appendix D.

Optimisation-based bound tightening. The McCormick inequalities in (5)
require finite lower and upper bounds for every variable. We obtain initial
bounds by solving two LPs per variable over the current linear relaxation, and
then iteratively refine them: tighter bounds yield tighter McCormick envelopes,
which in turn can imply further bound improvements. This iterative procedure
is known as optimisation-based bound tightening (OBBT) and is a standard
domain-reduction technique in global optimisation [20]. In our implementation,
we apply OBBT as a preprocessing step to construct a tight linear relaxation of
the uncertainty region U. In the experimental evaluation in Section 4, we show
that this approach yields tight relaxations and resulting robust guarantees.

3.3 Joint Feasibility and Possible Emptiness of U

Unlike the interval uncertainty sets obtained in standard IMDP learning, the
induced uncertainty region &/ may be empty. This is a consequence of enforcing
global consistency with the underlying parametric structure: while each learned
interval constraint may be individually feasible, there need not exist a single
parameter instantiation that satisfies all of them simultaneously. In that case, the
induced uncertainty set Py, is empty as well, and so are its rectangular relaxations.

If the pMDP Mg correctly specifies the underlying system from which the
transition samples are obtained, then with probability at least 1 — § the true pa-
rameter instantiation u satisfies all constraints, and hence lies in ¢/. In particular,

Pr(U #0] > Prlucl] > 1—6, orequivalently, Pr[U =0] <.
Thus, under correct specification, emptiness can occur with probability at most §.

Interpretation. If I/ is empty, then no admissible parameter instantiation simul-
taneously satisfies all learned interval constraints. Statistically, this means that
the uncertainty statements obtained from the data are jointly incompatible with
the assumed parametric structure at confidence level 1 —§. Hence, emptiness can
be interpreted as evidence against the chosen pMDP model at significance level 9.

This observation is not just an edge case but also an advantage of our approach.
By enforcing joint consistency across all learned constraints, it can reveal model
misspecification that would be hidden by purely local interval uncertainty sets.
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Fallback to interval uncertainty. If I/ is empty, one can safely fall back to the
original interval uncertainty set learned directly from the samples. In contrast to
U, this interval uncertainty set is always non-empty, since for each state-action
pair it contains at least the empirical estimate of the corresponding successor
distribution, and thus admits at least one feasible distribution per local choice.

3.4 Extension to Other Classes of Uncertainty Sets

We have so far assumed that the base uncertainty sets mapped through the
structure of the underlying pMDP into parameter space are intervals. However,
our approach and the inclusion hierarchy of Theorem 2 extend beyond intervals.
In the following, we discuss two uncertainty classes that illustrate this extension.

L; uncertainty sets. One important class is given by L;-balls [32,40] based
on the Weissman inequality [46]. For each state—action pair, this yields a high-
confidence uncertainty set around the empirical estimate P(s, a) in the form of an
Ly ball, with details provided in Appendix E. Since L;-balls are polytopes, they
fit seamlessly with our approach. Concretely, given empirical estimates 15(5, a)
and radii (s, a) for all (s,a) € S x A, we define the uncertainty region

U, = {veD||Pelvl(s,a) — P(s,a)ll <e(s.a) }. (6)

Since each Pg(s,a,s’) is linear in the parameters, the Li-constraints can be
expressed as linear inequalities. Hence, Uz, is again a polytope in parameter
space, and the rectangular relaxations introduced in Section 3.1 carry over directly.

Ellipsoidal uncertainty sets. Another relevant class is given by ellipsoids. These
may arise as local uncertainty sets, for instance from second-order approximations
of log-likelihood functions [33], or directly in parameter space [4,49]. In both cases,
the resulting uncertainty region is generally no longer a polytope. Nevertheless, the
rectangular relaxations of Section 3.1, as well as the inclusion hierarchy, carry over.

In particular, for an ellipsoidal parameter region, the local rectangular relax-
ation can still be obtained by projecting to state—action-wise uncertainty sets,
but the corresponding inner optimisation problems are no longer linear programs.
Instead, optimising a linear Bellman objective over ellipsoidal constraints yields
second-order cone programs (SOCPs) [29]. Likewise, expression-wise projections
can be obtained by solving two SOCPs per expression to derive lower and upper
bounds, after which robust value iteration proceeds as in the interval case. Details
on the construction are provided in Appendix E.

4 Experimental Evaluation

We have integrated our new methods for UMDP learning into the PRISM model
checker [27]. We evaluate uncertainty sets from the three relaxations introduced
in Section 3: rectangular (Pgy)), expression-wise (P,)), and parameter-wise
(Po(u)) comparing to a baseline of standard interval learning with parameter tying



14 Y. Schnitzer et al.

(Pr). A comparison to ellipsoidal uncertainty sets is provided in Appendix F. We
compare both the tightness of the learned uncertainty sets and the computational
efficiency of robust solving across a range of established benchmarks with linear
and polynomial parameter structures. Table 1 summarises the salient features,
detailed description are in Appendix F.

Experimental setup. We evaluate our methods in two settings. First, we
compare the tightness of the uncertainty sets and the computational efficiency of
constructing and solving the corresponding models from the same data, i.e., the
same set of collected transition samples C. To this end, we sample a total of 10°
trajectories from the true model under a uniform sampling policy.

In the second setting, we evaluate
the different approaches in an online
learning scenario. Here, trajectories
are sampled sequentially, the uncer-
tain model is periodically updated
from the data collected so far, and

Table 1: Salient characteristics of the
benchmark instances. P denotes a
temporal-logic satisfaction property and
E an expected-reward property.

Benchmark Instance |S| |T| |®] |A| Prop.
the resulting policy is used to guide (50,10) 5463 73033 6 721 P
f h 1 . 1 Aircraft (100, 20) 39028 551598 6 1441 P
urther exploration. Concretely, we (200, 40) 204458 4285228 G 2881 P
follow the optimism in the face of un- ) (50) 13500 111678 2 2613 E
i . . Betting Game (100) 52000 448378 2 5283 E
certainty principle [3,19,43]: when- (150) 93825 817943 2 747 E
th ¢ doubles f (100) 1994 5962 5 61 E
ever the count #(s,a) doubles for Engagement  (300) 5994 17962 5 61 E
some state—action pair (s, a), we re- (1000) 19994 59962 5 61 E
3 (50,50) 191868 1003861 6 643 P
compute the uncertain model from Mars Rover (75, 75) 550447 2973287 6 943 P
. . (125, 125) 1749083 9591771 6 1543 P
all trajectories collected so far and @.17) 357 500 4 777 E
; : Glider (51,47) 2397 37066 4 4977 E
update the sampling policy to the (106,99) 4757 74200 4 9768 E
optimistic policy, i.e., the policy that (5) 3051 15543 3 477 E
. . . Parallel Betting ~ (10) 21006 187730 3 1077 R
is optimal for the current uncertain (20) 151556 1846840 3 185200 E

model under the assumption that the

environment resolves uncertainty in the agent’s favour. This is a standard mecha-
nism for balancing exploration and exploitation in policy learning. We emphasise,
however, that our approach is agnostic to the concrete sampling procedure. Once
an overall sampling budget is exhausted, we use all collected trajectories to
construct the final uncertain model of the respective class and synthesise the
corresponding robust policy. So, unlike the first setting, the different approaches
are not evaluated on a fixed common data set. Instead, the data collection itself
is guided by the evolving uncertainty structure, so tighter uncertainty sets can
lead to more effective exploration and, ultimately, to improved final policies and
guarantees. All uncertain models are built at PAC confidence level 1 — § = 0.999.

Results. Table 2 reports the results for the first setting under uniform sampling.
For each uncertainty structure, we evaluate how well the resulting UMDP can
certify the performance of the policy that is optimal in the true MDP. We report
the robust value V and the optimistic value V of this policy, corresponding to the
worst- and best-case value that can be certified under the respective uncertainty
structure. This allows a fair comparison of the different approximations. In
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Table 2: Comparison of the final bounds and runtimes obtained after sampling
10° trajectories uniformly. For each method, [V, V] denotes the final lower and
upper bound on the value of the optimal policy in the true model, and Rel. gap
the interval width relative to the true value V*. TO indicates timeout at 2 [h].

Benchmark Instance P1 Pon Pagn Prao
< Rel. Time < Rel. Time < Rel. Time < Rel. Time
V. V] V. v] V. V] LAY
gap s gap  [s] sap s gap  [s]

(50, 10)  [0.67,0.814] 0.19 4.04 [0.618, 0.828] 0.28 4.62 [0.719, 0.767] 0.06 5.72 [0.725, 0.761] 0.05 47.12

Aircraft (100, 20) [0.745, 0.906] 0.19 3045  [0.679, 0.918] 0.29 34.71  [0.805,0.865] 0.07 39.54 [0.814, 0.858] 0.05 353.36
(200, 40) [0.628, 0.92] 0.36 688.27  [0.55, 0.928] 0.47 878.04 [0.754, 0.85] 0.12 882.78 [0.769, 0.838] 0.09 4464.25

(50) [144,65.3] 1.88 270  [25.8,28.7] 0.10 649  [258,28.7] 0.10 7.53  [258,28.7 0.10 2.29

Betting Game  (100) [16.5,162]  3.24 13.07  [41.8,47.7] 0.13 12.86  [41.8,47.7] 0.13 2631  [41.8,47.7 0.13 17.05
(150) [17.5,263]  3.98 25.18 [56.5, 65.5] 0.15 37.98 [56.5, 65.5] 0.15 53.16 [56.5, 65.5] 0.15 38.34

(100) [38.4,49.3] 0.26 5.46 [16.6, 5422] 127.35 4.44 [39.8, 45] 0.12 1.00 [39.8, 45] 0.12 1.82

Engagement (300) [38.6, 46.8]  0.19 16.55 [18.7, 3615] 84.74 21.30 [40.8, 45.3] 0.11 7.95 [40.8, 45.3] 0.11 7.27
(1000)  [39.1,45.4] 0.15 70.02 [24,687] 1563 57.74  [41.3,43.8] 0.06 65.80  [41.3,43.8] 0.06 95.44

(50,50)  [0,0.797]  1.59 92.02 [0.177,0.833] 1.31 136.87 [0.488,0.515] 0.05 115.15 - - TO

Mars Rover (75, 75) [0, 0.895] 1.42 521.67 [0.0904, 0.9] 1.28 576.92 [0.619, 0.647] 0.04 580.21 - - TO

(125, 125) [0, 0.877] 1.42 2169.21 [0.0441, 0.922] 1.42 2553.84 [0.599, 0.635] 0.06 2306.29 - - TO

(21,17)  [41.1,44.6] 008 0.25 42.4,429) 001 019  [425,42.8 0.01 071  [42.5, 428 0.01 37.26

[
Glider (51,47)  [62.3,20001] 293.07 28.92  [58.8,59.2] 0.0l 1.67  [58.8,59.1] 0.01 17.16  [58.8,59.1] 0.01 6268.23
(106, 99) [66.4, 35254] 464.04 52.95  [75.6,76.1] 0.01 3.8 [75.6,76]  0.01 48.50 - - TO
(5) [24,294] 020 031  [251,282] 012 040  [26.1,27.2] 0.04 080  [26.1,27.2] 0.04 10.16
Parallel Betting ~ (10) [26.4,40.6] 044 286  [20.7,345] 0.5 3.23  [31.1,329] 006 642  [31.1,328 0.05 116.52
(20) [13,110] 339 21.23  [25.4,31.7] 0.22 666.30 TO TO

addition, we report the relative gap, i.e., the width of the interval [V, V] divided
by the true value V*, as well as the total runtime required to construct and solve
the respective uncertain models. Appendix F extends the results, including a
breakdown of the runtime spent on model construction and solving.

Figure 3 illustrates the online policy learning process for two representative
benchmarks. For each uncertainty structure, we plot the number of processed
trajectories against (1) the performance of the robust policy synthesised after that
number of trajectories, evaluated in the true (hidden) MDP, shown as solid lines,
and (2) the corresponding PAC performance guarantee, shown as dashed lines.

Discussion. In the first setting, where all uncertainty sets are constructed from
the same data, the results confirm the behaviour predicted by the inclusion
hierarchy of Theorem 2. As expected, the rectangular relaxation Pgy) of the
uncertainty region U yields the tightest approximation and, consequently, the
sharpest certification of policy performance, but at the highest computational cost.
In low-dimensional domains such as the Betting Game, Pr(,) remains practically
efficient via vertex enumeration, but this becomes ineffective in higher dimensions.

Further, the results show that the expression-wise projection P,qy) remains
tight while retaining computational efficiency. In many cases, it achieves exactly
the same values as Pr(y), but at a cost comparable to the substantially less tight
baseline interval uncertainty set P; obtained from parameter tying alone. The
main limitation arises when the number of distinct expressions |A| is very large,
since constructing P,y then requires solving a correspondingly large number of
LPs. The experiments also illustrate the incomparability of P; and Pgy): the
latter can be tighter in some instances at low computational cost, but is overall
dominated by the more consistently effective expression-wise projection. Overall,
Paw) appears to offer the best balance between computational efficiency and
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Fig. 3: Robust policy learning progress in the online setting. Solid lines show the
performance of the current robust policy on the true model. Dashed lines show
the corresponding PAC performance guarantee certified for the policy.

approximation tightness. By leveraging the parametric structure, it achieves sub-
stantially tighter approximations than the baseline P; based solely on parameter
tying, in several cases tightening the bounds by orders of magnitude.

We observe a similar pattern in the second setting, where robust policies are
learned online from iteratively collected data and progressively refined uncertainty
models. Learning with Pg) consistently yields the tightest and strongest per-
formance guarantees throughout the learning process. In particular, it improves
sample efficiency, measured by the certified performance guarantee achieved
after a given number of processed trajectories, by up to an order of magnitude
compared to the baseline approach based on P;. The expression-wise projection
Paw) again closely tracks the guarantees obtained via Pg(y), while the results
also empirically illustrate the incomparability of Pgq,) and P;.

The evaluation demonstrates that exploiting the parametric structure can lead
to substantial improvements in both the tightness of the learned uncertainty sets
and the quality of the resulting robust policies and their certified performance
guarantees, in several cases by orders of magnitude. Overall, this highlights
the central benefit of our approach: by lifting statistical uncertainty from the
transitions to the parameter space and reasoning about it jointly through the
pMDP structure, we obtain substantially less conservative robust learning and
synthesis than interval-based uncertain MDP learning alone, while maintaining
formal PAC guarantees on performance and robustness.

5 Conclusions

We have presented a framework for robust parameter learning in pMDPs that lifts
statistical uncertainty from transitions into parameter space. This yields tighter
uncertainty sets than traditional UMDP learning while retaining PAC guarantees,
and admits tractable relaxations for robust policy synthesis. Our experiments show
substantially improved certified guarantees and more effective robust policies.
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A Proofs

We provide the formal proofs for the Theorems 1 and 2.
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A.1 Proof of Theorem 1

Theorem 1 (Soundness of U, restated). With probability at least 1 — 6, the true
parameter instantiation u satisfies u € U. Equivalently,

Pr[PlulePy] > 1-56.

Consequently, for any policy m € II and state s € S, with probability at least 1 — 0
the robust value under the induced UMDP lower-bounds the true value in M, i.e.,

Pr[ Vi(s) <Vi(s)] = 1-4.

Proof. For each non-constant expression f € Aynk, the learned interval satisfies

1)
P < < > 1— —-.
r[lf—f[u]—uf] = |Aunk‘

For every constant expression f € A\ Aynk, we set Iy = uy = f, and hence
Iy < flu] <uy holds deterministically.y Now consider the event

E = {VfEA: lfgf[u]guf}.

If E does not occur, then at least one of the intervals for some f € A fails to
contain the true value f[u]. Thus

Ecc | {fml iy,

fEAunk

and by the union bound,

d = 4.

|Aunk‘ B

Pr(E) < 3 Pr[f[u] ¢ iy ug]] < D

fGAunk fe/lunk

Hence Pr(E) > 1 — §. By definition of U, the event E is exactly the event u € U.
For the second claim, note that by definition of Py, we have P[u] € Py, if
and only if u € Y. Therefore,

Pr[Plul € Py| =Prluecl] > 1-6.

For the third claim, fix any policy m € Il and state s € S. On the event
P[u] € Py, the true kernel is admissible, and therefore

Vi) = nf VE(s) < Viw() = Vi),

Hence the event {P[u] € Py} implies the event {V{7(s) < V7 (s)}, and so

Pr[Vi(s) <Vi(s)] = Pr[PlulePy] > 1-4.
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A.2 Proof of Theorem 2

Theorem 2 (Inclusion hierarchy, restated). The following inclusions hold:
Pr 2 Pawy 2 Pray 2 Pus and  Powy 2 Paw-

Moreover, Poy) is in general incomparable to Py.

Proof. We prove each inclusion individually.

1. Prausy 2 Py. Let P[v] € Py for some v € U. Then, by definition of the local
projections, we have P[v](s,a) € Pru(s,a) for every (s,a) € S x A. Hence
P[V] S PR(L{)7 which shows Py, C PR(L{)~

2. Pawy 2 Pru)- Fix a state-action pair (s,a) and let u € Prqy)(s,a). By
definition, there exists v € U such that u = P[v](s, a). For each successor s’ € S,
let f = Po(s,a,s’) € A. Since l]/} and u}‘ are defined as the minimum and
maximum of f[v'] over all v/ € U, we have l]/} < flv] = w(s) < uj} Thus
1 € Paw(s,a). Since (s,a) was arbitrary, it follows that Presy € Paw-

3. Pr 2 Pawy- Recall that U is defined by the original learned bounds, i.e.,
U={veD|VfeA: lf<flv]<uy}.

Hence, for every f € A, all values of f[v] with v € U/ lie in the interval [If, us].
Since ZJ/} = miny¢y f[v] and u}l = maxyey f[v], it follows that

Iy <1f <uf <uy.

Therefore, for every state—action pair (s,a) and successor s’ € S, the interval
induced by expression-wise projection is contained in the original interval. Thus
Paw)y(s,a) € Pr(s,a) for all (s,a), and consequently P,y € Pr.

4- Powy 2 Paw)- Since B(U) is the smallest axis-aligned hyperrectangle con-
taining U, we have U C B(U). Therefore, for every expression f € A, minimizing
or maximizing over the larger set B(U) can only decrease the lower bound and
increase the upper bound. In other words, l? < lj} and u? > u? Thus the
interval induced by parameter-wise projection contains the corresponding interval
induced by expression-wise projection, and so P (s,a) € Pow)(s,a) for all
(s,a). Hence P € Pow-

5. Incomparability of Pow and Pr. We give two counterexamples showing that
neither inclusion holds in general.

Powy € Pr. Consider two parameters 61,6, € [0,1] and three transition expres-
sions

[1(0) =01, f2(0) =02, f3(0) = 5(61 +62),
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arising from distinct state—action pairs. Suppose the learned intervals are f; €
[0,1], f2 € [0,1], and f3 € [3, 1]. Then the corresponding uncertainty region is

Uz{(01,92)€[071}2|91+92:1}7

and thus B(U) = [0, 1]. For the expression f3, expression-wise projection yields

the exact interval [l?; ) u?s] =[5, 3], whereas parameter-wise projection over B(!/)
yields [l?g,u](?)s] = [0,1]. Hence Pg(y) admits kernels whose f3-component lies

outside the original interval, showing that Pe) Z Pr.

Pr € Pow)- Consider now a pMDP with one parameter 6 € [0,1] and two
distinct state—action pairs with transition expressions f1(6) = 6 and fo() = 1—6.
Suppose the learned intervals are f1 € [0.4,0.7] and f € [0.4,0.7]. Then

U={6€]0,1]]04<0<07,04<1-60<0.7}=1[04,0.6].

Thus B(U) = [0.4,0.6], and parameter-wise projection yields the refined intervals
f1, f2 € [0.4,0.6]. In contrast, the original interval uncertainty set Py still permits
the independent choices f; = 0.7 and fy = 0.7 at the two distinct state—action
pairs. Such a kernel belongs to Pr but not to Po ). Hence Pr € Poy)- O

B Correspondence between pMDPs and UMDPs

We formalise the relationship between parametric MDPs and uncertain MDPs.

B.1 From pMDPs to UMDPs

Let Mo = (S, A, 59,0, Po) be a pMDP and let & C RI®! be a set of admissible
parameter instantiations. Each u € U induces a concrete transition kernel Plu] €
(A(S))%*A. We define the UMDP induced by Mg and U as

UZ/I = (Sa A7 50, ,Ple)a
where the uncertainty set is given by
Pu = { Plu] € (A(S))*** |uelU}.

The structure of the uncertainty set P, is determined by the parameter
dependencies in the transition function Pg and by the shape of the admissible
instantiation set U. In particular, shared parameters induce coupling between
transition probabilities at different state—action pairs.

Coupled uncertainty. If there exists a parameter § € @ that occurs in the
transition polynomials of two distinct state—action pairs (s,a) and (s',a’), then
instantiating v simultaneously constrains both P(s,a) and P(s’,a’). In this case,
the resulting uncertainty set Py, is, in general, non-rectangular.
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Rectangular uncertainty. Suppose that the parameter set © can be partitioned
as @ = Lﬂ(s a)esx 4 Os,a such that P(s,a) depends only on parameters in O ,,
and that the admissible instantiation set factorises as

U= ][] Usar  Usa SR
(s,a)ESx A

Then the induced uncertainty set is (s, a)-rectangular and can be written as
Py = H {P(s,a)[usq] | usa €Usy },
(s,a)ESXA

where u, , denotes the restriction of u to O, 4.

B.2 From UMDPs to pMDPs

Conversely, any UMDP can be represented as a pMDP together with a suitable ad-
missible parameter set. Let U = (S, A, s, P) be a UMDP, where P C (A(S))5*4
is a non-empty set of admissible transition kernels.

Rectangular case. Assume that the uncertainty set P is (s, a)-rectangular, i.e.,
P= [l P(s.a) with  P(s,a) C A(S).
(s,a)ESXA

We construct an equivalent pMDP by introducing explicit parameters for the
transition probabilities. For each (s,a) € S x A and each s’ € S, let 6, .5 be a
parameter representing the probability of transitioning from (s, a) to s’. Let

O ={bls4s |(s,a) eSxA seS}
Define the parametric transition function Pg by
Po(s,a)(s") =054,

The admissible parameter instantiations are restricted to

U — {u c rl®l ’ (w(0s,0,5)) € P(s,a) for all (s,a) € S x A}.

s'eS

By construction, each u € I/ induces a transition kernel Plu] € P, and every
kernel in P arises from a unique instantiation u € . Hence, the pMDP together
with U induces exactly the UMDP U.

Coupled case. Assume that the uncertainty set P C (A(S))°*4 is non-
rectangular. We again construct a pMDP by introducing explicit parameters for
the transition probabilities, but without imposing any independence assumptions.

For each (s,a) € Sx Aand s’ € S, let 6, , o be a parameter representing the
probability of transitioning from (s,a) to s’. Let

@::{as,a,s’ | (Sva) € SXA7 8/ € S}
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Define the parametric transition function P by
Po(s,a)(s") =054,

The admissible parameter instantiations are restricted to
U = {uer® ‘ Plu € P}.

By construction, U encodes all global constraints and dependencies between
transition probabilities captured by P. Moreover, the pMDP together with U
induces exactly the uncertainty set P, and is non-rectangular whenever P is.

Together, the constructions show that pMDPs and UMDPs are equivalent
modelling formalisms when paired with a suitable admissible parameter set.

C Parameter Tying

This appendix gives the formal details of the parameter-tying preprocessing
step used in Section 2.4. The key idea is that transitions labelled by the same
parametric expression correspond to the same unknown probability under any
parameter instantiation and can therefore be learned from pooled counts. We
assume throughout that no state—action distribution assigns the same parametric
expression to two distinct successors, i.e.,

Po(s,a,s") = Po(s,a,s") = s =4".

This assumption is made only for notational and technical convenience. If the
same expression labels two distinct successors of a fixed state—action pair, then
these occurrences do not give rise to separate Bernoulli events, but are coupled as
part of the same successor distribution. Such cases can be eliminated without loss
of generality: if two distinct successors s’, s’ of the same state—action pair carry
the same expression, we introduce an intermediate state that is reached with the
shared probability, followed by a fixed distribution over the original successors.
This preserves the relevant parametric structure and probabilities while ensuring
that each expression labels at most one successor per state—action pair [18].
For an expression f € A, we define its occurrence set by

Oce(f) = {(s,a,5') € Sx Ax S| Po(s,a,s)=7f}

All transitions in Occ(f) share the same parametric expression and hence the true
probability value f[u]. Consequently, they correspond to repeated observations
of the same Bernoulli event and their counts can be pooled. We therefore define
the pooled trial count and pooled success count for f by

Ny = Z #(s,a), Ky = Z #(s,a,s").

(s,a,8)€0cc(f) (s,a,5")€0ce(f)
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Under the true instantiation u, the random variable K is binomially distributed
with parameters Ny and f[u]. Hence, any binomial confidence-interval construc-
tion from Section 2.3 can be applied directly to the pooled counts (K¢, Ny). We
distribute the confidence budget only across the non-constant expressions,

1
Aunk = {f€A|f¢Q}? v o= |/1 k‘.

For each f € A,nk, we compute from a confidence interval [I7, uy] such that
Pr[lf < flu] < uf] > 1—7.

For constant expressions f € A\ Aynk, we set [y = uy = f exactly. The resulting
tied interval uncertainty set is obtained by assigning to each transition (s, a, s’)
the interval associated with its expression:

I(S, a, 8/) = [ZP@(s,a,s')7 Upg (870«75')} .

Equivalently, the parameter-tied IMDP is the uncertainty set
Pr(s,a) = {,u € A(S) ’ Vs e S ou(s) e I(S,a,s’)}.

Since all occurrences of a fixed expression share the same pooled interval, pa-
rameter tying enforces exact equality between transitions labelled by the same
expression. Compared to the standard interval construction that learns a separate
interval for every transition probability, parameter tying improves statistical
efficiency in two ways. First, pooling increases the effective sample size from the
local count #(s, a) to the aggregated count N, which typically yields narrower
intervals. Second, the confidence budget is split across |Aynk| unknown expres-
sions rather than across all non-constant transitions, which tightens the intervals
further whenever the same expression occurs multiple times.

Parameter tying applies only to ezact equality of expressions. If two transitions
depend on the same parameters but are labelled by different expressions, then
their success probabilities need not coincide under the true instantiation, and the
corresponding samples do not form repeated observations of the same Bernoulli
event. In that case, pooling is not statistically justified. This is precisely the gap
addressed by our parameter-space approach in Section 3, which reasons jointly
over all learned constraints instead of only over exactly matching expressions.

D Linear Relaxations for Polynomial Constraints

This appendix provides further details on the linear relaxation of polynomial
constraints. The goal is to replace the nonlinear constraint system defining ¢ by
a polyhedral outer approximation that preserves soundness and can therefore be
used within the rectangular relaxations of Section 3.1.

Rewriting of monomials into bilinear terms. We view each polynomial
expression f € A as a factorable expression built from constants, parameters,
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additions, and products. Since sums are already linear, only products require
relaxation. Concretely, every monomial

k
m(f) = cHGij
j=1

is rewritten by introducing auxiliary variables for intermediate products. We
introduce auxiliary variables z1, ..., zx_1 and enforce the chain

Z1 :91'101'2, zT:zT_lﬂiTH f0r7’12,...,]€717

with m(0) = ¢ z;_1. Applying this construction to all monomials in all expressions
yields an equivalent lifted representation of the nonlinear system in terms of
linear equalities and bilinear equalities.

McCormick relaxation of bilinear terms. Consider a bilinear equality z = zy
with bounds z <2 <7 and y < y <. Its McCormick relaxation is given by the
four inequalities

zzyr+zy—2zy, zLyr+zTY — (7)

z>2yYyr+7TYy—79, z<yr+axy—

Over the box [z,7] x [y, 7], these inequalities describe the convex hull of the

graph of z = xy [31]. Hence, replacing every bilinear equality in the lifted system
by (7) yields a linear outer approximation of the original polynomial constraints.

Global linear relaxation. Let x collect all base parameters and all auxiliary
variables introduced for intermediate products. The original nonlinear uncertainty
region is defined by the constraints

Iy < flv] <uy for all f € A,

together with the box constraints v € D. After lifting and replacing each bilinear
equality by its McCormick envelope, we obtain a polyhedron

R = {z| Az <b), (8)

where Az < b contains: (i) the original linear constraints, (ii) all McCormick
inequalities for bilinear terms, and (iii) the variable bounds used in these in-
equalities. By construction, every feasible point of the original nonlinear system
extends to a feasible point of R. Hence R is an outer approximation of the true
feasible region, and any robust lower bound computed over R remains sound.

Optimisation-based bound tightening. The quality of the McCormick relax-
ation depends crucially on the bounds used in (7). We therefore apply optimisation-
based bound tightening (OBBT), which iteratively improves these bounds by
solving LPs over the current relaxation. Concretely, for every variable w in the
lifted system, including both base parameters and auxiliary variables, we compute

w* = min{w | Az <b}, w* = max{w| Az <b}.
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These optimised bounds replace the previous interval bounds of w, after which all
McCormick inequalities involving w are rebuilt. This process is repeated until no
bound improves beyond a prescribed tolerance or a maximum number of rounds.
Since tighter variable bounds yield tighter McCormick envelopes, OBBT
can significantly strengthen the final linear relaxation. Soundness is preserved
throughout, since each OBBT step optimises over the current outer approximation
and therefore only removes values that are infeasible in that approximation.

Remarks on tightness. McCormick relaxations are exact for a single bilinear
term on a box, but for general factorable polynomials the resulting polyhedral
relaxation depends on the chosen factorisation and on the variable bounds. In
particular, different recursive decompositions of multilinear monomials can lead
to different relaxations, and tighter bounds from OBBT typically improve the
quality of the final relaxation substantially. This is well known in deterministic
global optimisation and is one of the main motivations for combining McCormick
relaxations with OBBT in practice [20,31,39].

In our implementation, the construction of R and the OBBT procedure are
performed once as a preprocessing step. The resulting polyhedral feasible region
is then reused across all states and throughout robust value iteration, exactly as
in the linear case considered in Section 3.1.

E Ellipsoidal Confidence Sets in Parameter Space

For completeness, we also include an ellipsoidal baseline in parameter space. This
baseline is obtained by instantiating, in our pMDP setting, the self-normalised
least-squares confidence construction of Abbasi-Yadkori et al. [1], together with
the linear-MDP adaptation discussed by Ayoub et al. (Appendix C) [4]. In
contrast to the polytopic uncertainty sets used in the main body of the paper,
this yields an ellipsoidal confidence region over parameter instantiations and
therefore leads to conic optimisation in the robust Bellman updates.

Let Mg = (S, A, 50, P) be a pMDP with parameter space D C R, and let A
denote the set of distinct parametric transition expressions occurring in P. For
each (s,a,s") € S x A x S, we write

P(s,a,s") = fsas € A
When all transition expressions are affine, each f € A can be written as
flu]=c;+bfu,

for some constant cy € R, coefficients by € R?, and parameter instantiation u € D.

Ayoub et al. [4] derive confidence ellipsoids for finite-horizon linear MDPs by
combining least-squares regression with the self-normalised concentration bound
of Abbasi-Yadkori et al. [1]. Their regression target is the overall value itself and
tailored to episodic, finite horizon MDPs. In our case, the unknown object is the
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transition kernel induced by the unknown parameter instantiation u, for infinite-
horizon objectives. To extend this to our setting, we apply the same concentration
mechanism directly to the obtained one-step transition observations.

Concretely, for any fixed transition triple (s, a, ), each visit to (s, a) in the set
of observed transitions C' contributes a binary observation Y € {0, 1} indicating
whether the next state equals s’. Its mean is precisely the transition probability
P[u](s,a,s’). Hence the centred noise term

n:=Y — Plu|(s,a,s)

is supported on an interval of length 1, and is therefore %—sub—Gaussian by
Hoeffding’s lemma [11]. This is precisely the bounded-noise condition required
by the self-normalised least-squares bounds of Abbasi-Yadkori et al. [1].
Collecting these observations over the sample set C' yields, for each expression
f € A, a family of Bernoulli trials with common mean f[u] = ¢; + b;u. Since
all transition triples in Occ(f) are governed by the same symbolic expression,
they provide information about the same unknown linear quantity and can
therefore be pooled. This gives a single count-based regression equation per
distinct expression rather than per concrete transition triple, which is exactly the
least-squares analogue of the parameter-tying mechanism used in our interval-
based constructions. Aggregating these pooled equations over all f € A then

yields the following ridge least-squares system.
V=M+> Npbbf, 1= br(Ks—Nyey),
feAa fea
with estimator
a=V"1r

Here, V is the regularised design matrix and A > 0 is the ridge parameter. The
self-normalised concentration result of Abbasi-Yadkori et al. [1], instantiated in
the present count-based setting, yields the following sound confidence ellipsoid

E={veR'|(v-a) V(v—1) <},

where

8= R\/log de‘;\(KV) + ZIOg% +VAS,
where 1 -39 € (0, 1) is the overall confidence. With this construction, the unknown
instantiation u lies in £ with probability at least 1 — § over the random sample
set C' [4]. The constant R is the sub-Gaussian noise bound, which for Bernoulli
transition observations is R = 4. The constant S is any a priori bound on |[ul|,
for D C [0,1]¢, the choice S = /¢ is always sound, and A > 0 is an arbitrary
ridge parameter, which we choose as A = 102 to stabilise the regression.
The ellipsoidal baseline induces, for each (s, a), the uncertainty set

Pre)(s,a) :={p e A(S) | Iv e & : u(s') = Pv|(s,a,s") for all s € S}.
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The inner optimisation in the robust Bellman update in Eq. (2) then becomes:

Thus, robust synthesis under the ellipsoidal baseline requires solving a convex
conic optimisation problem for each Bellman backup.

As in the polytopic case, the relaxations of Section 3.1 can also be applied
to ellipsoidal uncertainty sets in order to obtain interval MDPs and thereby
enable efficient robust synthesis. The difference lies in the optimisation problems
used to construct these relaxations: instead of solving linear programmes for
each expression in the expression-wise projection, or for each parameter in the
parameter-wise projection, we solve second-order cone programmes over the
ellipsoidal uncertainty region. The resulting interval model is again a sound
rectangular over-approximation of the original ellipsoidal uncertainty set, and
the inclusion hierarchy of Theorem 2 carries over accordingly.

Overall, this ellipsoidal construction is a natural adaption of the self-normalised
least-squares confidence sets [4] to the pMDP setting. In the extended exper-
imental evaluation in Appendix F, we compare this ellipsoidal baseline with
the polytopic confidence regions and their corresponding relaxations across the
considered case studies.

F Extended Experimental Evaluation

In this appendix, we provide detailed descriptions of the considered case studies,
as well as extended results complementing those in Section 4. In particular, we
report a refined breakdown of runtime into time spent constructing and solving the
respective uncertain models, and include additional results for further uncertainty
classes, namely ellipsoids, as an additional baseline for comparison [4,49].

F.1 Descriptions of Benchmark Environments

Aircraft collision avoidance. This benchmark models two aircraft moving
towards each other on a discrete grid of size N x M, where our agent controls one
aircraft and aims to reach the far end of the grid without entering a collision zone
around the adversarial aircraft [26]. In each step, the agent chooses to ascend,
descend, or maintain altitude while moving forward, and the adversarial aircraft
simultaneously moves forward and may also change altitude. The transition prob-
abilities are governed by four unknown mixture parameters © = {61,02,0s,04},
which combine four position-dependent motion modes. Concretely, the parameters
determine both the success probability of the agent’s vertical manoeuvre and the
distribution of the adversary’s vertical movement, with all probabilities varying
affinely with the horizontal position along the grid. The resulting model therefore
has a linear parametric structure with four dependent mixture weights. Our
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objective is to maximise the probability of reaching the goal without collision.
We consider instances of sizes (N, M) € {(50,10), (100, 20), (200, 40)}.

Betting game. This benchmark models a sequential betting process in which
the agent starts with 10 coins and, over a horizon of n rounds, repeatedly chooses
one of five actions corresponding to betting 0, 1, 2, 5, or 10 coins [8]. After each
non-zero bet, the agent either wins the wager and gains the bet amount, or loses
it and forfeits the same amount. The transition probabilities are governed by
two unknown parameters: a base win probability 6 and a state-dependent term
proportional to the current amount of money. In particular, for larger bets, the
win probability is an affine function of both 6 and the current capital, which
yields a linear parametric structure with two parameters. The objective is to
maximise the expected amount of money after n betting rounds. We consider
instances with horizons n € {50,100, 150}.

Engagement. This benchmark models a customer-engagement process on a
ladder of levels {0, ..., L}, where level 0 represents churn and level L a successful
conversion or purchase. At each decision step, the agent chooses one of three
interventions, i.e., light, medium, or aggressive, which may increase, decrease,
or leave unchanged the current engagement level. The transition probabilities
are governed by five unknown mixture parameters © = {61, 63, 0s3,04,05}, with
05 =1— (01 + 02 + 05 + 04), which combine five latent customer-response types.
The effect of an intervention further depends on the current engagement zone
(cold, warm, or hot), as well as on the previously chosen action and a short
cooldown memory that penalises repeated aggressive interventions. The resulting
model therefore has a linear parametric structure with five dependent mixture
weights and non-trivial state-dependent dynamics. Rewards combine a per-step
time cost, action-dependent intervention costs, and a penalty for churn. The
objective is to minimise the expected accumulated cost until either churn or
purchase is reached. We consider instances with L € {100, 300, 1000}.

Mars rover. This benchmark is a richer variant of the semi-autonomous vehicle
domain of [25], and is already introduced in Section 1. A rover moves on an
X XY grid and aims to reach a target location while maintaining communication
with a remote controller via two unreliable channels. At each step, it may
either move in one of the allowed directions or attempt communication over one
of the two channels, with task failure occurring if too many moves are made
without a successful transmission. The transition probabilities are governed by
six unknown mixture parameters © = {61, 02,03, 604,605,605}, which combine five
position-dependent channel modes. In contrast to the original benchmark, our
variant includes a larger grid, a richer spatial structure with zone-dependent
scaling and local jamming regions, and a larger communication budget, yielding
a more varied but still linear parametric structure. We consider instances of sizes
(X,Y) € {(50,50), (75,75), (125,125)}.

Glider. This benchmark models an autonomous underwater glider navigating
on a two-dimensional grid from a start location to a goal region in the presence
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of ocean currents [15]. At each location, the horizontal and vertical current
components are known, but their effect on the glider’s movement is governed
by two unknown parameters, 6, and 0,,, capturing the sensitivity to horizontal
and vertical drift, respectively. When the glider chooses a movement direction,
the commanded motion may fail along the intended axis and may additionally
drift along the orthogonal axis, yielding up to four possible outcomes per action.
Because these two effects combine multiplicatively, the transition probabilities
contain bilinear terms in 6}, and 6,,, giving rise to a non-linear parametric structure.
The objective is to minimise the expected time to reach the goal. We consider
instances of sizes (X,Y) € {(21,17), (51,47), (106,99)}.

Parallel betting game. This benchmark is a parallel composition of two betting
games that are played simultaneously over a common horizon of n rounds. In each
round, the agent chooses a single betting action, corresponding to wagering 0, 1,
2, 5, or 10 coins, and this action is applied independently to both games. Each
game maintains its own capital and is governed by separate unknown parameters,
determining its base win probability. As in the single-game benchmark, larger
bets have outcome probabilities that additionally depend on the current amount
of money. Since the overall state combines the capitals of both games and the
final reward is their sum, the resulting model captures a coupled decision problem
with two unknown parameters. Moreover, because the transition probabilities
in the second game depend multiplicatively on 5 and the current capital, the
parallel composition yields a non-linear parametric structure. The objective is
to maximise the expected total amount of money after n rounds. We consider
instances with horizons n € {5,10,20}.

F.2 Extended Results for Uniform Sampling

Table 3 reports the extended results for the first setting, in which 10° trajectories
are sampled uniformly and used to compare the tightness of the resulting uncertain
models. In addition to the overall results, we separate the total runtime into the
time spent constructing the uncertain model and the time spent solving it.



Table 3: Comparison of obtained bounds and runtimes for both building and solving the respective models obtained after
sampling 10° trajectories uniformly.

Pr Pow) Paw) Pru)
Rel. Build Solve Rel. Build Solve Rel. Build Solve Rel. Build Solve

Benchmark Instance

v.v] V. V] V. V] V. V]

gap  |[s] [s] gap  |[s] [s] gap  |[s] [s] gap  |[s] [s]

(50,10) [0.67,0.814] 0.19 077 328 [0.618,0.828] 028 1.29 3.34 [0.719,0.767] 0.06 217 3.55  [0.725,0.761] 0.05 44.95 217

Aircraft (100, 20) [0.745,0.906] 0.19 411 2634 [0.679,0.918] 029 877 25.94 [0.805,0.865] 0.07 926 30.28 [0.814,0.858] 0.05 309.67 43.69
(200, 40) [0.628,0.92] 0.36 43.23 645.05 [0.55,0.928] 047 114.09 763.95 [0.754,0.85] 0.12 12850 754.28 [0.769, 0.838] 0.09 2175.51 2288.73

(50) (14.4,65.3]  1.88 092 179  [258,287] 0.10 157 492  [25.8,287 0.10 467 287  [258,287] 010 128 1.01

Betting Game  (100) [16.5,162] 324 310 9.98  [41.8,47.7] 0.3 499 7.87  [41.8,47.7] 0.13 1687 944  [41.8,477] 0.13 879 8.26
(150) (17.5,263]  3.98 569 1949  [56.5,65.5 0.15 19.36 18.61  [56.5,65.5] 0.15 3529 17.87  [56.5,65.5] 0.15 13.10 25.24

(100)  [38.4,49.3] 026 012 533  [16.6,5422] 127.35 0.11  4.33 [39.8,45]  0.12 019 0.82 [39.8,45]  0.12 124 058

Engagement (300)  [38.6,46.8] 019 032 1623  [18.7,3615 8474 031 2098  [40.8,453] 0.1 048 747  [40.8,453] 0.11 141 586
(1000)  [39.1,45.4] 015 098 69.04 [24,687) 1563 091 56.83  [41.3,43.8] 0.06 126 6454 (413,438 0.06 217 93.27

(50,50)  [0,0.797] 159 938 8264 [0.177,0.833] 1.31 21.09 115.78 [0.488, 0.515] 0.05 27.74 87.41 - - TO  TO

Mars Rover  (75,75) [0, 0.895] 142 1596 505.71 [0.0904, 0.9] 1.28 47.80 520.12 [0.619,0.647] 0.04 61.38 518.83 - - TO TO
(125,125) [0,0.877] 142 19.64 2149.57 [0.0441,0.922] 142 97.87 2455.97 [0.599, 0.635] 0.06 111.17 2195.12 - - TO TO

(21,17)  [41.1,446] 008 016 009  [42.4,429] 001 016 003  [42.5 428 001 065 006  [42.5 428 0.01 37.20 0.06

Glider (51,47) [62.3,20001] 293.07 052 2840  [58.8,59.2] 001 112 055  [588,59.1] 000 1659 057  [67.9,68.1] 0.00 9266.65 1.58
(106, 99) [66.4, 35254] 464.04 052 5243  [75.6,76.1] 001 1.91 197 [75.6,76]  0.00 4657 1.94 - - TO TO

(5) [24.3,44.7] 064 189 069  [25.1,282] 010 038 002  [261,27.2] 004 077 003  [261,27.2] 0.0 10.13 0.03

Parallel Betting  (10) (26.4,40.6] 044 213 073 [29.7,345 015 283 040  [31.1,329] 006 579 063  [31.1,328 0.05 116.11 0.1

|
(20) [13, 110] 3.39  16.00 5.24 [25.4, 31.7] 0.22 659.37 6.94 - - TO TO - - TO TO
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Table 4: Salient characteristics of the benchmarks for the online learning setting.

Benchmark Instance |S] |T| |O] |4]  Prop.
Aircraft (20, 10) 1833 23743 6 271 P
Betting Game (25, 0.55) 3625 27703 2 1283 E
Engagement (50, 0.30) 994 2962 5 61 E
Mars Rover (10, 10) 5139 24515 6 145 P
Glider (11, 9) 99 1317 4 225 E
Parallel Betting (6, 0.55) 5046 30746 3 597 E

F.3 Extended Learning Results

This section presents the full results for the online learning experiments. Table 4
summarises the salient characteristics of the benchmark instances used in this
setting. Since the uncertain models must be rebuilt and resolved repeatedly in
order to update the sampling policy, these instances are smaller than those used
in the uniform-sampling setting, where each model is solved only once. Overall,
the results show that exploiting the parametric structure consistently yields more
effective policies and stronger certified performance guarantees from the same
data and under the same high-confidence PAC guarantees.
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Fig. 4: Extended results for robust policy learning. For each benchmark, the
upper plots compare performance and guarantees, and the lower plots show the
total runtimes of each method.
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F.4 Experimental Results with Ellipsoidal Uncertainty Sets

This section reports the results obtained when instantiating our learning and
solving framework with the ellipsoidal uncertainty sets discussed in Appendix E.
Table 5 summarises the results for the uniform-sampling setting, comparing
runtimes and the resulting certified guarantees across the different uncertainty
sets and relaxations. We omit the local rectangular relaxation Prg) from the
table, as it timed out on all considered case studies. This is due to the high
computational cost of solving a second-order cone programme for every state—
action pair in every iteration of robust value iteration. This highlights the
importance of the interval-based relaxations, which make ellipsoidal uncertainty
practically usable by projecting it back to tractable interval uncertainty sets.

Overall, the results indicate that the approach based on projecting confidence
intervals into the parameter space consistently yields tighter uncertainty sets and
stronger guarantees than the ellipsoidal baselines.



Table 5: Comparison of obtained bounds and runtimes for both building and solving the respective models obtained after
sampling 10° trajectories uniformly. This includes both polytopic and ellipsoidal uncertainty sets and their relaxations.

mark P Pous Poce) Paco Pace) Pra
= Rel. Build Solve . Rel. Build Solve < Rel. Build Solve . Rel. Build Solve . Rel. Build Solve = Rel. Build Solve
Vv, Vv, V.V V.V V, V,
MV g s s YV g s sl VI g sl MY e W W MY e W MYy W

(50, 10)  [0.67,0.814] 0.19 0.30 0.43 [0.618, 0.828] 0.28 0.95 0.60 [0.599, 0.835] 0.32 0.50 0.50  [0.719, 0.767] 0.06 0.60 [0.71,0.78]  0.09 1.86 0.63 [0.725,0.761]  0.05 28.02 0.54
Aircraft (100, 20) [0.745, 0.906] 0.19  2.02 -5 [0.679, 0.918] 0.29 6.56 27.81 [0.678, 0.919] 0.29 3.14 14.67  [0.805, 0.865] 0.07 . 19.30 [0.805, 0.866] 0.07 28.12 28.47 [0.814, 0.858] 0.05 217.95 20.55
(200, 40)  [0.628,0.92] 0.36 15.71 282.38 [0.55, 0.928] 0.47 54.06  327.19  [0.575, 0.926] 0.44 22.96  266.26 [0.754,0.85] 0.12 61.25 253.13 [0.768, 0.844] 0.09 1667.3 344.75 [0.769, 0.838]  0.09 1438.33 754.25

Betting (50, 0.55) 2.65 042 0.76 [25.2, 28.5] 0.12 117 0.18 0.58 1.42 [25.2,285] 0.12 1.80 1.04 [24.6,29.5] 0.18 2542 1.30 [25.2, 28.5] 0.12 0.91 0.50
‘am: (100, 0.55) 3.24 148 5.36 [41.8, 47.7) 0.13 6.70 0.19 2.53 8.04 [41.8,47.7] 0.13 7.96 11.16 4 0.19 584.54 6.64 [41.8, 47.7] 0.13 4.43 4.74

) (150, 0.55) 391 240 1299 [54.7, 63.3] 0.15 9.67 0.21 5.26 15.28 [54.7,63.3] 0.15 15.75 14.86 0.21 1916.81 5.58 [54.7, 63.3] 0.15 9.16 8.65

(100, 0.30) 0.26  0.07 2.40 [16.6, 5422] 127.35  0.10 1.58 [15.3,9740]  229.13  0.10 2.05 [39.8, 45] 0.12 013 046 [35.6,53.2] 041 013 049 [39.8, 45] 0.12 0.74 0.31

Engagement (300, 0.30) 0.19 0.16 5.92 [18.7, 3615] 84.74 0.24 6.57 [15.7,9110]  214.27  0.20 6.90 [40.8,45.3] 0.11 0.28 3.34  [36.7,50.6] 0.33 0.26 3.04 [40.8, 45.3] 0.11 0.86 2.28
(1000, 0.30) [39.1,45.4] 0.15 0.50 20.16 [24, 687] 15.63 0.67 20.46 [16, 7857] 184.74  0.45 20.89 [41.3,43.8] 0.06 0.69 20.60 [38.5,47.7] 0.22 0.56 19.95 [41.3, 43.8] 0.06 1.28 40.77

(50,50)  [0,0.797] 159 3.22 46.72 [0.177,0.833] 131  6.26 44.63 [0.174,0.837] 132 503  46.19 [0.488,0.515] 0.05 7.07 42.73 [0.476,0.525] 0.10 23.26 43.82 - - TO TO

Mars Rover  (75,75)  [0,0.805] 142 6.35 240.78 [0.0904,0.9] 128 19.94 23296 [0.0801,0.901] 1.30  15.01 216.61 [0.619,0.647] 0.04 21.99 235.26 [0.605, 0.658] 0.08 108.24 217.49 - - TO TO
(125,125)  [0,0.877] 142 15.65 1279.81 [0.0441, 0.922] 142 11478 1326.19 [0.0422,0.922] 143  57.16 1590.10 [0.599, 0.635] 0.06 116.29 1384.91 - - TO TO - - TO TO

(21,17)  [41.1,44.6] 008 0.07 004 [42.4,429] 001 015 0.5 [42, 43.3] 0.03 023 004 [425,428 0.01 030 004 [42.2,431] 0.02 215 004 [42.5,428  0.01 2190  0.03

Glider (51,47)  [89.8,22443] 22140 0.17 11.20 [100.66, 101.21] 0.01  0.82  0.27 [100, 102] 001 034 028 [100.76, 101.12]0.00 5.97 0.27 [100.57, 101.32] 0.01 11.47 0.27 [100.76, 101.12] 0.00 5782.72 0.15
(71,67)  [87,30071] 288.64 0.11 20.00  [103,105]  0.01 182  0.60 [102, 105] 0.03 066 065  [103,104] 0.01 2150 0.61  [103,105] 0.02 49.26 0.50 - - TO TO

(5,0.55)  [24,204] 020 0.4 003 [251,282] 012 041  0.03 [23.1,30.6] 028 035
Parallel Betting (10, 0.55) [26.4, 40.6] 0.44 106 044  [20.7,345 015 259 044 [26.9,37.9] 034 L79
(20,0.55)  [13,110] 339 556 4.81  [25.4,317  0.22 898.14 448 [22.6,35.8]  0.46  21.96

[26.1,27.2] 0.04 049 003 [249,286] 014 171 003 [26.1,272] 0.04 684 003
[3L.1,32.9] 0.06 312 044 [20.3,349] 017 2591 021 [3L1,328  0.05 7399 021
TO TO TO TO = = TO  TO
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