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Abstract

In this paper we describethe dual-processormaralleli-
sationof a symbolic(BDD-based)mplementatiorof prob-
abilistic model cheking. We use multi-terminal BDDs,
which allow a compactrepresentatiorof large, structued
Markov chains.We showthatthey alsoprovidea convenient
blodk decompositiorof the Markov chain which we useto
implement parallelisedversion of the Gauss-Seiddtera-
tive method.We provide experimentakesultson a range of
casestudiesto illustrate the effectivenessf the technique
observingan average speed-umf 1:8 with two processcs.
Furthermoe, we presentan optimisationfor our method
basedon preconditioning

1 Intr oduction

Probabilisticmodelcheckingis anautomatedechnique
for theformalveri cation of systemsvhichexhibit stochas-
tic behaviour. Similarly to corventionalnon-probabilistic
modelcheckingthisis basedntheconstructiorof amath-
ematicalmodel of the systemcomprisingthe statespace,
the setof all possiblecon gurationswhich the systemcan
be in, andall of the transitionswhich can occur between
thesestates.In this case the modelalsoincludesinforma-
tion aboutthe probability of eachtransitionoccurringat a
giventime.

In this paper we considertwo types of probabilistic
models: discrete-timeMarkov chains(DTMCSs), in which
eachtransition betweenstatesis a discretetime-stepand
is selectedaccordingto a discreteprobability distribution;
and continuous-timeMarkov chains(CTMCs), wherethe

(real-time)delaybeforemaving from onestateto anothelis
modelledby a negative exponentialdistribution. Properties
to be veri ed for thesesystemsare expressedn temporal
logic: PCTLfor DTMCsandCSL for CTMCs. Thisallows
speci cationssuchas“the probability of shutdevn occur
ring within 24 hoursis at most0:01” or “in the long-run,
theprobabilitythatthe systemis stableis atleast0:75".

As is typically the casewith formal veri cation ap-
proaches,one of the main practical problemsfor proba-
bilistic model checkingis the statespaceexplosion prob-
lem: the tendeng for modelsof real-life systemgo grow
prohibitively large,andhencerequireexcessve amountsof
memoryand/ortime to perform. Onedirectionof research
which attemptsto combat this is symbolic approaches,
which emplogy datastructuresbasedon binary decisiondi-
agrams(BDDs) to generateand manipulatecompactrep-
resentation®f extremelylarge models. In the contet of
probabilisticmodelchecking multi-terminalBDDs (MTB-
DDs)areacommonlyusedvariant. Anotherdirectionis the
useof parallel or distributedimplementationsywhich split
the problemsof storageand computationbetweenseveral
computersor processorsin this paper we embarkon com-
bining thetwo approaches.

The problemof performingprobabilisticmodel check-
ing for DTMCs and CTMCs comprisesa numberof tasks:
modelconstructiongraph-basedlgorithms(e.g.determin-
ing the setof reachablestatesof a model), and numerical
computationIn ourexperiencethelastof thesds typically
the bottleneck,andit is on this that we thereforeconcen-
trate. Moreover, we focushereon the problemof solving
linear equationsystemswhich allows usto computeboth
readability probabilities (the probability of reachinga set
of statesfrom anotherstate)and steady-statgrobabilities



(thelong-runbehaiour of the system).This allows veri -
cationof awiderangeof propertiesof DTMCsandCTMCs.

In this paper we presentechniqueso performthe so-
lution of linear equationsystemswith the Gauss-Seidet-
eratve method,usingMTBDD datastructuresn a parallel
setting.Currently we arefocusingon small-scalearalleli-
sationusingsharedmemory i.e. we areaiming at desktop
machineequippedwith dualor quadprocessorsin future,
we planto extendthis work to a moregeneralparallelised
setting. We rst discusshow usingMTBDDs providesus
with acorvenientdecompositiorof our modelsinto blocks.
Next, we shawv how this allows anef cient symbolicimple-
mentationof Gauss-Seidehndthenhow this canbeparal-
lelised. Lastly, we presenta preconditioning-basedptimi-
sationof our approach.

The rest of this paperis organisedas follows. In the
remainderof this section, we discussrelatedwork. In
the subsequensectionswe give a high-level overview of
MTBDD-basedapproachesdescribethe implementation
of the techniquesoutlined in the previous paragraphand
presenexperimentakesultsto illustratetheir effectiveness.

1.1 RelatedWork

Numerousapproachego the symbolicimplementation
of probabilistic model checkingand, more generally the
analysiof stochastienodels canbefoundin theliterature;
see[19] for asurwey of thisarea.Themainsymbolicmeth-
odsapplicableto stochastienodelsareKronecler methods,
matrix diagramsand MTBDD-basedtechniques.To date,
the emphasishasbeenprimarily on sequentiaimplemen-
tations.Buchholzet al. presents parallelblock Jacobial-
gorithmusingKronecler symbolicmethoddor workstation
clusterg5]. Our paperis partof ongoingwork to improve
theef ciency of thesetechniqueshroughparallelisation A
complementargirectionof researchwhich will be usedto
improve our work in future, is the developmentof out-of-
coreimplementationsvhich usedisk-basedtorageo over
comethelimitationsof processomemory;seee.g.[13].

In thenon-symbolicsetting(i.e. usingexplicit datastruc-
turessuchas sparsematrices),mary researchersvork on
distributed and parallel methodsfor Markov chains. [6]
givesan overview of distributed non-symbolicapproaches
for analysingCTMCs. In [18], the authorsinvestigated
a parallel solution for CTMCs by combining Jacobiand
Gauss-Seiddterative methods.In [4], the authorspresent
a parallel iterative solution for passagdime densitiesin
semi-Marlov models. Parallel implementationf Jacobi
andConjugateGradientSquaredor solvingMarkov chains
arepresentedn [12]. Recently Bell andHaverkort devel-
opeddistributedout-of-coreJacobiandConjugateGradient
Squaredalgorithmsfor generalisedgtochastidPetrinetson
a clusterof dual-processoworkstationg?2]. In their paper

they point out that as their parallel solution doesnot use
the secondprocessoon eachnodeefciently, the overall
speedumf their algorithmis limited.

In numericalanalysisliteratures,there hasbeena sig-
ni cant amountof work doneon parallelisatiorof iterative
numericalsolutiontechniquesincluding the Gauss-Seidel
method(seee.g. [3, 10, 23]). Generallytheseapproaches
work by detectingpartsof the computationwhich canbe
performedindependentlyand assigningthem to different
processors. This changesthe updating order of Gauss-
Seidel, which can hinder the rate of corvergence. In a
large-scalgparallelervironment,this costcanbe amortised
by the speed-ugrom parallelism,but in the dual-or quad-
processosettingwhich we areaimingat this is dif cult to
achieve. Our approactdoesnot affect the updatingorder

Anotherdirectionof researchs the useof precondition-
ing, wherethe aim is to modify the linear equationsys-
tembeingsolvedto improve its convergence(seg[20] for a
recentsuney). Traditionalpreconditioningtechniquesare
not suitablefor an MTBDD-basedmplementatiorbecause
the modi cations would destrg the high-level structurein
the matrix andintroducenew distinctvalues bothof which
would have a detrimentaleffect on the compactnessf the
representation.In this paper we will introducea simple
preconditioningechniquepasetnthe MTBDD represen-
tation andthe block decompositiorit provides,which im-
provesthe corvergenceratein mary cases.

2 Symbolic Representations and Block
Structure

Symbolicapproache® modelcheckingarethosewhich
usedatastructuresbasedon BDDs to arrive at a compact
modelrepresentationThis is achiezed by exploiting struc-
tureandregularity, obtainedrom the high-level description
of themodel.In practice symbolicrepresentationsf prob-
abilistic modelsareoften ordersof magnitudesmallerthan
explicit alternatvessuchassparseamatrices.In additionto
compactnessf modelrepresentationpther advantage of
symbolicapproacheincludefastandefcient modelcon-
structionandcombinatiorwith ef cient BDD implementa-
tions of non-probabilisticmodel checkingtechniquese.g.
computingthe setof thereachablestatesof a model.

A variety of datastructureshave beenproposedor this
purpose. Here, we use MTBDDs (multi-terminal binary
decisiondiagrams)[1, 9], which have alreadyproved ex-
tremely successfulfor probabilistic model checking (see
e.g.[16]). In thefollowing paragraphsve give a high-level
overview of MTBDDs andhow we usethem,coveringonly
the aspectsvhich arerelevantto this paper For amorein-
depthdiscussiorof the datastructureandits applicationto
probabilisticmodelchecking,seee.g.[15, 17, 22].

An MTBDD is areducedbinarytreewhich representa



real-\aluedfunction over Booleanvariables.Thetransition
probability matrix of a DTMC or the transitionrate matrix
of aCTMC is essentiallya functionmappingpairsof states
to realnumbersHence by choosinganencodingof the set
of statesnto n Booleanvariableswe canstorethis infor-
mationasanMTBDD over 2n variables.The nodesof the
MTBDD aregroupednto horizontallevels. Thetop 2n lev-
els arelabelledwith Booleanvariables,onelevel for each
variable. The bottomlevel is labelledwith real values. To
determinethe probability or rate associatedvith a pair of
stateswe tracea pathfrom thetop to thebottomof thetree,
resolvingthe binary decisionat eachnodeaccordingto the
value of the correspondinddooleanvariablein the encod-
ings of the statepair. The value at the bottom of the tree
givestheresult.

MTBDDs are a recursve datastructure. While the top
(root) node of the tree representshe whole matrix being
stored by descendingwo levels(correspondingo onepair
of Booleanvariables),we reachnodesrepresentinghe 4
guadrant®f thematrix. More generallydescendin@i lev-
elssplitsit into (2')? submatricesEssentiallyeachnodeof
the MTBDD representsa submatrixof the overall matrix;
the lower the nodein the tree, the smallerthe submatrix.
For agivenvalueof i, thenodesonthislevel provide avery
convenientpartitioningof thewhole matrixinto blocks.

We obsenre that the compactnessf the MTBDD data
structurederivesfrom the factthatthe treeis storedin re-
ducedform, with identicalsubtreedeingmerged. This cor
respondgo identical submatricedeing meiged. Through
the useof heuristics,it is possibleto derive an extremely
ef cient encodingof themodel,wherebymary submatrices
arerepeatedcindhenceonly storedonce.

In fact,the matrix partitioningdescribedabove is some-
whatmorecomplicated.In practice we areonly interested
in thereadablestatesof the probabilisticmodel,i.e. those
from which thereis a pathfrom the initial state. The un-
reachablestates,which often signi cantly outnumberthe
reachableones,canand, for ef ciency reasonsshouldbe
ignored. We setthe correspondingows and columnsto
zero. Sincethe distribution of unreachabletatess unpre-
dictable, the decompositioninto submatricesn fact pro-
ducesblocks of uneven size. Furthermoretransitionma-
tricesaretypically very sparsewith mary entriesequalto
zero,andhencemary of the submatricesvill beempty(all
zero).Notethatit is essentiato keeptheunreachablstates
in theoverallMTBDD encodingremoving themwould de-
stroy theregularity of the datastructureandhenceits com-
pactness.

While MTBDDs provide a compactrepresentationac-
cesgo thematrix elementsparticularlyif requiredrow-by-
row or column-by-columris muchslower thanan explicit
storageschemesuchasa sparsematrix. In this paper we
adopta compromisebetweerthe two approacheswe gen-

erateour matrix asan MTBDD, selecta level of thetree,
and generatean explicit (sparsematrix) representatiorof
the correspondingnatrix block for eachnodeon thatlevel,
essentiallypartitioning the whole matrix into a numberof
blocks. Notethatthisis not equivalentto storingthe whole
matrix explicitly becausemary matrix blocksarerepeated
and we only storethemonceeach. In addition, we store
explicit informationaboutwherethe matrix blocksoccurin
theoverallmatrix. In fact,thisis justanothematrix, storing
pointersto submatricesatherthanthe actualvalues.

Note that, althoughthe resultingdatastructureis really
two layersof entirely explicit storagewe still referto this
asasymbolicstorageschemesinceit reliesonthestructure
andregularity of theMTBDD from whichit wasderivedto
remainacompactepresentatiorlLaterin thepaperwe will
presentexperimentalresultsto illustratethatit is far more
compacthanasinglesparsematrix.

This datastructurewill be usedin the remainderof the
paper Fromthis pointon, however, the mannerin whichit
was createdis not important: we needonly know that we
have acompactepresentatioof alarge matrixwhichis di-
videdinto blocksandthatwe have ef cient (row-wise)ac-
cessbothto the blocksthemselesandthe elementswithin
them.In thenext sectionwe describenow this allows usto
parallelisea symbolicimplementatiorof Gauss-Seidel.

3 Parallelising Gauss-Seidel
3.1 The Gauss-SeideMethod

We rst describea techniquefor implementingGauss-
Seidel. In fact, this methodis applicableto ary storage
schemebut is designedo suit the schemeoutlinedin the
previous section.We considerthe problemof solvingalin-
earequationsystemAx = b whereA isann n matrix
andb is vectorof lengthn. In the contet of probabilistic
modelchecking,A will have beenderived from the transi-
tion matrix representinghe probabilisticmodel. We denote
the(i; j )th elemeniof matrix A asAj andtheith element
of vectorb asb;.

Gauss-Seidelvorks by, at eachiteration, computinga
new approximatiorto the solutionvectorx, usingthe ma-
trix A, thevectorb andthe valuesof x from the previous
iteration. The algorithmin Figure 1 performsthe numeri-
calcomputatiorfor oneiterationof Gauss-SeideNotethat
werequireonly onecopy of thesolutionvectorx, whichwe
simply overwrite aswe computeits new entries.

Assumenow thatwe have adivision of thematrix A into
N N blocks.We denotethe (p; g)th block of A asA ()
and,correspondinglythe pth block of vectorb asb . The
(i; ] )th elementof submatrixA (oq) IS A (pg)jj andtheith
elementof subvectorb  is b(p)i. Thesizeof block A ()
isde nedasn, ng, andhencethesizeof b, isn,. We
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Figure 1. A simple algorithm to perform an iteration of Gauss-Seidel.
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Figure 2. A block-based reformulation of the algorithm for an iteration of Gauss-Seidel.

cannow formulatethe computatiorfor a singleiterationof
Gauss-Seidedsshawn in Figure?2.

The pth phaseof the outerloop computesipdatedo the
valuesof block xp,) of the solutionvector Note that we
still only storeonecopy of x but we usean additionalvec-
tortemp of sizemaxg p<n fNpgto accumulatehe multi-
plicationsof submatriceandsubrectors.Obsere alsothat
theiterationover matrix blocksin line 3 needonly be over
non-emptyblocks.

The appealof this reformulationis thatit requiresiso-
latedaccesgo individual matrix blocks. The pth phaseof
aniteration (lines 2—6) usesonly the pth row of blocks of
A, of which lines 3—4 iterateover the non-diagonablocks
one by one, andlines 5-6 usethe diagonalblock A ().
In similar fashion,vectorblocksarealsoaccessedneat a
time.

It shouldnow be clearhow the algorithmabove, while
potentially also suitablefor ary matrix representationis
particularly appropriatefor the symbolic storagescheme
outlinedin the previous section,which providesfast(row-
wise)accesdothto eachmatrix block andto eachelement
of thatblock. The algorithmwill now prove amenabldo
parallelisation,aswe will shav in the next section. Fur
thermorewe notethatthisis the rst time thatanefcient
Gauss-Seidalgorithmhasheenpresentedor anMTBDD-
basedmnatrix representatiosince,in its corventionalform,
it doesnotallow ef cient accesso individual rows.

3.2 Parallelisation

Our block-basedeformulationof the Gauss-Seidehl-
gorithm alsofacilitatesits parallelisation.Assumethatwe
have P processeswith IDs 0;::;;P 1. Thebasicideais
to distribute the outermostoop (over p) of Figure2 among
theP processesProcesk will computethe new valuesfor

the subvectorsf X (xy; X+ py; :::g. The parallelalgorithm
for procesk is describedn Figure3.

During everyround,eachprocessk computesomesub-
vectorxp) usingthe pth row of matrix blocks,i.e. A (,q)
1. For eachmatrix block, it requireshe
correspondingectorblockx ) to performa matrix-vector
multiplication. To ensurehattheblock-basedlgorithmre-
mainsfaithful to the original Gauss-Seidedlgorithm, we
have to take specialcarewith vectorblockswhich arebe-
ing computedby otherprocesses the sameround. More
speci cally, we needup-to-datevaluesof the vectorblocks
for thecaseswhereq p. Forq > p, thisis notthe case.
Furthermorefor q< p k, thevectorblockshave already
beenupdatedin previous rounds. Hence,we can safely
startby dealingwith thesematrix blocks. For theremaining
blocks,i.e. thosein therangep k g < p, we needto
wait for the processvhichis computingthatblock (i.e. pro-
cesy Q) to nish computingit beforewe canuseit. This
procedurecanbe obsened by the replacementf lines 3—-4
from Figure?2 with lines 3-7 in Figure3. Finally, attheend
of the round, processk hasto wait for the otherprocesses
to nish beforeprocessindo the next round(seeline 10 of
Figure3). Note alsothatalthoughthe algorithmeffectively
cyclesthroughall N blocksin eachrow of blocksin the
matrix, in practicemary of theseblockswill beempty(all
zero)andcanbeignored.

3.3 Preconditioning

Next, we introducean improvementto the algorithms
describedabore basedon preconditioning. This method
works by modifying the orderin which the subvectorsof
the solution vector are updatedin eachiteration. It is in-
spired by traditional preconditioningmethodsfor Gauss-
Seidel, most of which performa kind of incompleteLU
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Figure 3. Parallel algorithm for an iteration of Gauss-Seidel (process ID=k).

factorisation. A full LU decompositionwould reducethe
numberof iterationsto one; an incompletedecomposition
canstill provide a usefulimprovementin the corvergence.
In the resultingU matrix of a full LU decompositionthe
numberof non-zercelementsn eachrow tendsto decrease
from the top to the bottomof the matrix. In our precondi-
tioning method wetry to achievze thesameresult,but atthe
level of matrix blocks.

We rst de ne aBooleanN N matrix B, represent-
ing the MTBDD block structure,i.e. Byq is 1 if matrix
block Axpq) is non-emptyandO otherwise.We thende ne
Bp = o g Bpgforay 0O  p < N. Intheblock-
basedGauss-Seidalgorithmof the previous section,each
iteration updatesthe N subvectorsof the solution vector
x in theorder0;1;:::;N 1. To apply preconditioning,
we insteadupdatethemin the orderiy;i,;:::;;in, Where
Bi, Bi, :: Bj,.Inthenextsectionwewill shav
how this approachcanreducethe numberof iterationsre-
quiredfor corvergence.

4 Experimental Results

We now presenexperimentakesultsto evaluatethe per
formanceof the parallelisedGauss-Seidehethodfrom the
previous sections. We implementedour methodsby inte-
gratingtheminto the PRISM 2.0 modelchecler [14]. We
useda selectionof casestudies,including three CTMC
models (a e xible manufcturing system (FMS) [8], a
Kanbanmanugcturingsystem[7] anda workstationclus-
ter [11]) and a DTMC model (multiplexing of unreliable
NAND gates)[21].

For the CTMCs, we model checled CSL properties
which required computation of the steady-stateproba-
bilities; for the DTMC, we veried a PCTL property
which required computationof reachability probabilities.
For each example, we can generatemodels of varying
size by changingone or more parameters. For more
information about the examples, their parametersand

the correspondingproperties, see the PRISM web site
(www.cs.bham.ac.uk/“dxp/prism).

First, we give somestatisticsto shov the memoryus-
ageof the MTBDD-basedstorageschemewe use. As dis-
cussecearlierin the paper by selectingdifferentlevels of
theMTBDD, we cancreatedifferentdecompositionsf the
matrix into blocks, which will have varying memorycon-
sumption. Figure 4 shaws the variationin memoryusage
for a selectionof models. As expected,for levels either
verylow or very highin theMTBDD, we getamuchhigher
memoryusage.In the former casewe arehaving to store
very large submatricegxplicitly; in the latter, we arecre-
ating very smallsubmatriceshut the informationaboutthe
structureof the blocksis itself a very large matrix. In fact,
for eachgraph,the left-mostpoint plottedis equivalentto
the creationof a fully explicit (sparsematrix) representa-
tion.

Themagnitudeof thedropin the middle sectionempha-
siseshow compacburrepresentatioremainscomparedo
the explicit version. It canalsobe seenthatthereis a wide
rangeof valuesin themiddle of the graphfor whichwe can
achiere sucha reduction. For the resultsin the remainder
of this section,we manuallyselecteda suitablelevel. In
future, we plan to investicate this areafurther and derive
appropriateneuristics.

Next, we shav timing statisticsfor modelcheckingus-
ing four separatémplementationssequentiasymbolicver-
sionsof the Jacobiand Gauss-Seidemethodsthe rst of
which wasalreadyavailablein PRISM 2.0, andthe second
of which is now available with our newv formulation; and
the parallelisedversionof Gauss-Seidelvith andwithout
preconditioning.

Our experimentswere performedon an SMP PC with
two 2.0 GHz Intel Pentium4 Xeon processorand1 GB
of main memoryrunning Linux. Parallelisationis imple-
mentedwith threadspsingthe pthreadpackage Storagen
memoryof thematrix A andvectorb describingthelinear
equationsystemis sharedbetweenthreadsbut sinceonly
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Figure 4. Memory for matrix storage using diff erent block decompositions.

Table 1. Total execution times (seconds) for each implementation.

Model States Sequential Sequential Parallel Parallel
Jacobi GS GS GS(pre.)
FMS (-6 537,768 128.3 110.6 55.1 49.7
FMS (-7 1,639,440 461.0 413.9 2205 191.5
FMS (-¢) 4,459,455 1800.7 12947 7243 620.4
Kanbann-s 2,546,432 346.5 268.8 149.0 127.1
Kanbanwn-sy 11,261,376 2087.8 1688.0 945.7 828.6
Clustern=zss) 2,373,652 1144.6 334.3 257.2 257.7
NAND (=som=3 1,004,821 103.6 178.2 88.8 88.9
NAND (=som=5) 2,003,041 408.9 590.8 285.6 284.8
NAND q=som=n 3,001,261 9135 1181.4  590.0 589.7
NAND (-som=9y 3,999,481 1618.0 1978.7  999.9 998.7

read-accesss required,no synchronisatioris performed.
In fact, the sameis true of the solutionvectorx since,al-
thoughit is both readandwritten by all threads different
partsof the vectorareaccessedy differentprocessorsll
thetime duringthe execution. The synchronisatiomeferred
toin lines6 and10of Figure3is implementedvith thecon-

dition variablemechanisnprovidedin the pthreadpackage.

Table 1 shaws the actual (total) run-timesfor our im-
plementations. Figure 5 shavs the speed-upof eachap-
proach,relative to the sequentialGauss-Seidetase. Our
rst obsenation is that our new (sequentialimplementa-
tion of Gauss-Seiddk generallyfasterthanthe old Jacobi

implementation.This is to be expectedsinceit usuallyre-
guireslessiterationsto corverge (in fact, for the NAND
example,the corvergencerateis unchangedndthe over
headn computatiormeansGauss-Seidés actuallyslightly
slower).

Secondlywe notethatour parallelisationof the Gauss-
Seidel algorithm is effective: the averagespeed-upover
theseten benchmarkexamplesis approximatelyl1.8. Fi-
nally, we seethatin half of the caseghe preconditioning
providesa furtherimprovement. This is dueto the reduc-
tion in iterationsfor corvergencerequired. For the NAND
and workstationclusterexamples,the corvergencerate is
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Figure 5. Speed-up in execution time for each implementation.

Table 2. Changes in convergence rate due to preconditioning.

Model Iterations
Original Precond.
FMS n=s) 812 750
FMS =7 966 879
FMS =g 1,125 1,059
Kanbann-s 461 460
Kanbanp=s 622 594
Clustern-=zse 1002 1002
NAND (n=a0,m=3) 480 480
NAND ' (n=40m=5) 800 800
NAND (=a0m=7) 1120 1120
NAND ' (n=40m=9) 1440 1440

unchangedThis is becausesachrow of blocksin the ma-
trix A hasthe samenumberof non-zeroblocksandhence
our preconditioningtechniquehasno effect. We give the
precise gures for the corvergenceof eachexamplein Ta-
ble 2.

5 Conclusionsand Futur e Work

In this paper we have presentedan MTBDD-based
methodfor the Gauss-Seidehlgorithm and its paralleli-
sation, with a tamget platform of sharedmemorydual- or
quad-processoworkstations. We implementedour tech-
niquein the probabilisticmodelcheckingtool PRISMand,
on arangeof examples,llustratedan averagespeed-umof

1.8usingtwo processorsWe werealsoableto optimiseour
approacturtherwith a simplenotionof preconditioning.

Presently grid systemsare attractinga lot of attention.
Nodesof grid systemsareusuallyclustersof PCswith dual-
processors;onnectedy ahigh-speedhetwork. Fromanar
chitecturepoint of view, suchsystemsxhibit propertiesof
bothsharednemorysystemandmessaggassingystems.
In future, we areplanningto fully paralleliseour approach
for useon grid systemshy investigating a combinationof
thedual-processapproachn this paperwith otherparallel
technologiedor the messag@assingnodel.

We would like alsoto investicate MTBDD-basedpre-

conditioningmethods.It is widely acceptedhat precondi-
tioning methodsare essentiafor the ef ciency of iterative



algorithms. MTBDD-basedimplementationsof iterative
solution methodsrequire preconditioningmethodswhich
presere the regularity of the datastructureusedfor matrix
storage.We have demonstrate@ne suchapproachn this
paper We planto continuedevelopingef cient techniques
to supportpreconditioningor symbolicimplementations.
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