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Abstract

In this paper, we describethe dual-processorparalleli-
sationof a symbolic(BDD-based)implementationof prob-
abilistic model checking. We use multi-terminal BDDs,
which allow a compactrepresentationof large, structured
Markov chains.Weshowthatthey alsoprovidea convenient
block decompositionof the Markov chain which we useto
implementa parallelisedversionof theGauss-Seidelitera-
tive method.We provideexperimentalresultson a range of
casestudiesto illustrate theeffectivenessof the technique,
observingan average speed-upof 1:8 with two processors.
Furthermore, we presentan optimisationfor our method
basedonpreconditioning.

1 Intr oduction

Probabilisticmodelcheckingis anautomatedtechnique
for theformalveri�cation of systemswhichexhibit stochas-
tic behaviour. Similarly to conventionalnon-probabilistic
modelchecking,this is basedontheconstructionof amath-
ematicalmodel of the systemcomprisingthe statespace,
thesetof all possiblecon�gurationswhich thesystemcan
be in, and all of the transitionswhich can occur between
thesestates.In this case,themodelalsoincludesinforma-
tion aboutthe probability of eachtransitionoccurringat a
giventime.

In this paper, we considertwo types of probabilistic
models: discrete-timeMarkov chains(DTMCs), in which
eachtransitionbetweenstatesis a discretetime-stepand
is selectedaccordingto a discreteprobability distribution;
and continuous-timeMarkov chains(CTMCs), wherethe

(real-time)delaybeforemoving from onestateto anotheris
modelledby a negative exponentialdistribution. Properties
to be veri�ed for thesesystemsareexpressedin temporal
logic: PCTLfor DTMCsandCSLfor CTMCs.Thisallows
speci�cationssuchas“the probability of shutdown occur-
ring within 24 hoursis at most0:01” or “in the long-run,
theprobabilitythatthesystemis stableis at least0:75”.

As is typically the casewith formal veri�cation ap-
proaches,one of the main practical problemsfor proba-
bilistic model checkingis the statespaceexplosionprob-
lem: the tendency for modelsof real-life systemsto grow
prohibitively large,andhencerequireexcessive amountsof
memoryand/ortime to perform. Onedirectionof research
which attemptsto combat this is symbolic approaches,
which employ datastructuresbasedon binarydecisiondi-
agrams(BDDs) to generateand manipulatecompactrep-
resentationsof extremely large models. In the context of
probabilisticmodelchecking,multi-terminalBDDs(MTB-
DDs)areacommonlyusedvariant.Anotherdirectionis the
useof parallel or distributedimplementations,which split
the problemsof storageandcomputationbetweenseveral
computersor processors.In thispaper, weembarkoncom-
bining thetwo approaches.

The problemof performingprobabilisticmodelcheck-
ing for DTMCs andCTMCscomprisesa numberof tasks:
modelconstruction,graph-basedalgorithms(e.g.determin-
ing the setof reachablestatesof a model),andnumerical
computation.In ourexperience,thelastof theseis typically
the bottleneck,and it is on this that we thereforeconcen-
trate. Moreover, we focushereon the problemof solving
linear equationsystems,which allows us to computeboth
reachability probabilities(theprobabilityof reachinga set
of statesfrom anotherstate)andsteady-stateprobabilities



(the long-runbehaviour of thesystem).This allows veri�-
cationof awiderangeof propertiesof DTMCsandCTMCs.

In this paper, we presenttechniquesto performthe so-
lution of linear equationsystemswith the Gauss-Seidelit-
erative method,usingMTBDD datastructuresin a parallel
setting.Currently, we arefocusingon small-scaleparalleli-
sationusingsharedmemory, i.e. we areaiming at desktop
machinesequippedwith dualor quadprocessors.In future,
we plan to extendthis work to a moregeneralparallelised
setting. We �rst discusshow usingMTBDDs providesus
with aconvenientdecompositionof ourmodelsinto blocks.
Next, weshow how thisallowsanef�cient symbolicimple-
mentationof Gauss-Seidel,andthenhow this canbeparal-
lelised.Lastly, we presenta preconditioning-basedoptimi-
sationof ourapproach.

The rest of this paperis organisedas follows. In the
remainderof this section, we discussrelatedwork. In
the subsequentsections,we give a high-level overview of
MTBDD-basedapproaches,describethe implementation
of the techniquesoutlined in the previous paragraphand
presentexperimentalresultsto illustratetheireffectiveness.

1.1 RelatedWork

Numerousapproachesto the symbolic implementation
of probabilisticmodel checkingand, more generally, the
analysisof stochasticmodels,canbefoundin theliterature;
see[19] for asurvey of thisarea.Themainsymbolicmeth-
odsapplicableto stochasticmodelsareKroneckermethods,
matrix diagramsandMTBDD-basedtechniques.To date,
the emphasishasbeenprimarily on sequentialimplemen-
tations.Buchholzet al. presentsa parallelblock Jacobial-
gorithmusingKroneckersymbolicmethodsfor workstation
clusters[5]. Our paperis partof ongoingwork to improve
theef�ciency of thesetechniquesthroughparallelisation.A
complementarydirectionof research,whichwill beusedto
improve our work in future, is the developmentof out-of-
coreimplementationswhichusedisk-basedstorageto over-
comethelimitationsof processormemory;seee.g.[13].

In thenon-symbolicsetting(i.e.usingexplicit datastruc-
turessuchassparsematrices),many researcherswork on
distributed and parallel methodsfor Markov chains. [6]
givesan overview of distributednon-symbolicapproaches
for analysingCTMCs. In [18], the authorsinvestigated
a parallel solution for CTMCs by combiningJacobiand
Gauss-Seideliterative methods.In [4], theauthorspresent
a parallel iterative solution for passagetime densitiesin
semi-Markov models. Parallel implementationsof Jacobi
andConjugateGradientSquaredfor solvingMarkov chains
arepresentedin [12]. Recently, Bell andHaverkort devel-
opeddistributedout-of-coreJacobiandConjugateGradient
Squaredalgorithmsfor generalisedstochasticPetrinetson
a clusterof dual-processorworkstations[2]. In their paper,

they point out that as their parallel solution doesnot use
the secondprocessoron eachnodeef�ciently , the overall
speedupof their algorithmis limited.

In numericalanalysisliteratures,therehasbeena sig-
ni�cant amountof work doneon parallelisationof iterative
numericalsolutiontechniques,including the Gauss-Seidel
method(seee.g. [3, 10, 23]). Generally, theseapproaches
work by detectingpartsof the computationwhich canbe
performedindependentlyand assigningthem to different
processors. This changesthe updatingorder of Gauss-
Seidel, which can hinder the rate of convergence. In a
large-scaleparallelenvironment,this costcanbeamortised
by thespeed-upfrom parallelism,but in thedual-or quad-
processorsettingwhich we areaimingat this is dif�cult to
achieve. Ourapproachdoesnotaffect theupdatingorder.

Anotherdirectionof researchis theuseof precondition-
ing, where the aim is to modify the linear equationsys-
tembeingsolvedto improve its convergence(see[20] for a
recentsurvey). Traditionalpreconditioningtechniquesare
not suitablefor anMTBDD-basedimplementationbecause
themodi�cations would destroy thehigh-level structurein
thematrixandintroducenew distinctvalues,bothof which
would have a detrimentaleffect on thecompactnessof the
representation.In this paper, we will introducea simple
preconditioningtechnique,basedontheMTBDD represen-
tation andthe block decompositionit provides,which im-
provestheconvergenceratein many cases.

2 Symbolic Representations and Block
Structur e

Symbolicapproachesto modelcheckingarethosewhich
usedatastructuresbasedon BDDs to arrive at a compact
modelrepresentation.This is achievedby exploiting struc-
tureandregularity, obtainedfrom thehigh-level description
of themodel.In practice,symbolicrepresentationsof prob-
abilistic modelsareoftenordersof magnitudesmallerthan
explicit alternativessuchassparsematrices.In additionto
compactnessof model representation,otheradvantagesof
symbolicapproachesincludefastandef�cient modelcon-
structionandcombinationwith ef�cient BDD implementa-
tions of non-probabilisticmodelcheckingtechniques,e.g.
computingthesetof thereachablestatesof amodel.

A varietyof datastructureshave beenproposedfor this
purpose. Here, we useMTBDDs (multi-terminal binary
decisiondiagrams)[1, 9], which have alreadyproved ex-
tremely successfulfor probabilistic model checking(see
e.g.[16]). In thefollowing paragraphswe give a high-level
overview of MTBDDs andhow weusethem,coveringonly
theaspectswhich arerelevant to this paper. For a morein-
depthdiscussionof thedatastructureandits applicationto
probabilisticmodelchecking,seee.g.[15, 17, 22].

An MTBDD is a reducedbinarytreewhich representsa
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real-valuedfunctionover Booleanvariables.Thetransition
probabilitymatrix of a DTMC or the transitionratematrix
of aCTMC is essentiallya functionmappingpairsof states
to realnumbers.Hence,by choosinganencodingof theset
of statesinto n Booleanvariables,we canstorethis infor-
mationasanMTBDD over 2n variables.Thenodesof the
MTBDD aregroupedinto horizontallevels.Thetop2n lev-
els arelabelledwith Booleanvariables,onelevel for each
variable. Thebottomlevel is labelledwith real values.To
determinethe probability or rateassociatedwith a pair of
states,wetraceapathfrom thetopto thebottomof thetree,
resolvingthebinarydecisionat eachnodeaccordingto the
valueof the correspondingBooleanvariablein the encod-
ings of the statepair. The valueat the bottomof the tree
givestheresult.

MTBDDs area recursive datastructure.While the top
(root) nodeof the tree representsthe whole matrix being
stored,by descendingtwo levels(correspondingto onepair
of Booleanvariables),we reachnodesrepresentingthe 4
quadrantsof thematrix. Moregenerally, descending2i lev-
elssplitsit into (2i )2 submatrices.Essentially, eachnodeof
the MTBDD representsa submatrixof the overall matrix;
the lower the nodein the tree, the smallerthe submatrix.
For agivenvalueof i , thenodesonthis level provideavery
convenientpartitioningof thewholematrix into blocks.

We observe that the compactnessof the MTBDD data
structurederivesfrom the fact that the treeis storedin re-
ducedform,with identicalsubtreesbeingmerged.Thiscor-
respondsto identicalsubmatricesbeingmerged. Through
the useof heuristics,it is possibleto derive an extremely
ef�cient encodingof themodel,wherebymany submatrices
arerepeatedandhenceonly storedonce.

In fact,thematrix partitioningdescribedabove is some-
whatmorecomplicated.In practice,we areonly interested
in thereachablestatesof theprobabilisticmodel,i.e. those
from which thereis a path from the initial state. The un-
reachablestates,which often signi�cantly outnumberthe
reachableones,canand, for ef�ciency reasons,shouldbe
ignored. We set the correspondingrows and columnsto
zero. Sincethedistribution of unreachablestatesis unpre-
dictable, the decompositioninto submatricesin fact pro-
ducesblocksof uneven size. Furthermore,transitionma-
tricesaretypically very sparse,with many entriesequalto
zero,andhencemany of thesubmatriceswill beempty(all
zero).Notethatit is essentialto keeptheunreachablestates
in theoverallMTBDD encoding;removing themwouldde-
stroy theregularity of thedatastructureandhenceits com-
pactness.

While MTBDDs provide a compactrepresentation,ac-
cessto thematrixelements,particularlyif requiredrow-by-
row or column-by-columnis muchslower thanan explicit
storageschemesuchasa sparsematrix. In this paper, we
adopta compromisebetweenthetwo approaches.We gen-

erateour matrix asan MTBDD, selecta level of the tree,
and generatean explicit (sparsematrix) representationof
thecorrespondingmatrix block for eachnodeon thatlevel,
essentiallypartitioningthe whole matrix into a numberof
blocks.Notethatthis is not equivalentto storingthewhole
matrix explicitly becausemany matrix blocksarerepeated
andwe only storethemonceeach. In addition,we store
explicit informationaboutwherethematrixblocksoccurin
theoverallmatrix. In fact,thisis justanothermatrix,storing
pointersto submatricesratherthantheactualvalues.

Note that,althoughthe resultingdatastructureis really
two layersof entirelyexplicit storage,we still refer to this
asasymbolicstorageschemesinceit relieson thestructure
andregularityof theMTBDD from which it wasderivedto
remainacompactrepresentation.Laterin thepaper, wewill
presentexperimentalresultsto illustratethat it is far more
compactthanasinglesparsematrix.

This datastructurewill be usedin the remainderof the
paper. Fromthis point on,however, themannerin which it
wascreatedis not important: we needonly know that we
haveacompactrepresentationof a largematrixwhich is di-
videdinto blocksandthatwe have ef�cient (row-wise)ac-
cessbothto theblocksthemselvesandtheelementswithin
them.In thenext section,wedescribehow thisallowsusto
paralleliseasymbolicimplementationof Gauss-Seidel.

3 Parallelising Gauss-Seidel

3.1 The Gauss­SeidelMethod

We �rst describea techniquefor implementingGauss-
Seidel. In fact, this methodis applicableto any storage
schemebut is designedto suit the schemeoutlined in the
previoussection.We considertheproblemof solvinga lin-
earequationsystemAx = b whereA is ann � n matrix
andb is vectorof lengthn. In thecontext of probabilistic
modelchecking,A will have beenderivedfrom thetransi-
tion matrix representingtheprobabilisticmodel.Wedenote
the(i; j )th elementof matrix A asA ij andthei th element
of vectorb asb i .

Gauss-Seidelworks by, at eachiteration, computinga
new approximationto thesolutionvectorx, usingthema-
trix A , thevectorb andthevaluesof x from theprevious
iteration. The algorithmin Figure1 performsthe numeri-
calcomputationfor oneiterationof Gauss-Seidel.Notethat
werequireonly onecopy of thesolutionvectorx, whichwe
simplyoverwriteaswecomputeits new entries.

Assumenow thatwehaveadivisionof thematrixA into
N � N blocks.Wedenotethe(p;q)th blockof A asA (pq)

and,correspondingly, thepth blockof vectorb asb (p) . The
(i; j )th elementof submatrixA (pq) is A (pq) ij andthe i th
elementof subvectorb (p) is b (p) i . Thesizeof block A (pq)

is de�ned asnp � nq, andhencethesizeof b (p) is np. We
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1. for (0 � i < n)
2. x i := (b i �

P
0� j <n;j 6= i A ij � x j )=A ii

Figure 1. A simple algorithm to perf orm an iteration of Gauss­Seidel.

1. for (0 � p < N )
2. temp := b (p)

3. for eachblockA (pq) with q 6= p
4. temp := temp � A (pq) x (q)

5. for (0 � i < np; i 6= j )
6. x (p) i := (temp i �

P
0� j <n p

A (pp) ij � x (p) j )=A (pp) ii

Figure 2. A bloc k­based reform ulation of the algorithm for an iteration of Gauss­Seidel.

cannow formulatethecomputationfor a singleiterationof
Gauss-Seidelasshown in Figure2.

Thepth phaseof theouterloop computesupdatesto the
valuesof block x (p) of the solutionvector. Note that we
still only storeonecopy of x but we useanadditionalvec-
tor temp of sizemax0� p<N f npg to accumulatethemulti-
plicationsof submatricesandsubvectors.Observe alsothat
theiterationover matrix blocksin line 3 needonly beover
non-emptyblocks.

The appealof this reformulationis that it requiresiso-
latedaccessto individual matrix blocks. The pth phaseof
an iteration(lines 2–6) usesonly the pth row of blocksof
A , of which lines3–4iterateover thenon-diagonalblocks
one by one, and lines 5–6 usethe diagonalblock A (pp) .
In similar fashion,vectorblocksarealsoaccessedoneat a
time.

It shouldnow be clearhow the algorithmabove, while
potentially also suitablefor any matrix representation,is
particularly appropriatefor the symbolic storagescheme
outlinedin theprevioussection,which providesfast(row-
wise)accessbothto eachmatrix block andto eachelement
of that block. The algorithmwill now prove amenableto
parallelisation,as we will show in the next section. Fur-
thermore,we notethat this is the�rst time thatanef�cient
Gauss-Seidelalgorithmhasbeenpresentedfor anMTBDD-
basedmatrix representationsince,in its conventionalform,
it doesnotallow ef�cient accessto individual rows.

3.2 Parallelisation

Our block-basedreformulationof the Gauss-Seidelal-
gorithmalsofacilitatesits parallelisation.Assumethatwe
have P processes,with IDs 0; :::; P � 1. Thebasicideais
to distributetheoutermostloop (over p) of Figure2 among
theP processes.Processk will computethenew valuesfor

the subvectorsf x (k ) ; x (k+ P ) ; : : :g. The parallelalgorithm
for processk is describedin Figure3.

Duringevery round,eachprocessk computessomesub-
vectorx (p) usingthe pth row of matrix blocks, i.e. A (pq)

for q = 0; : : : ; N � 1. For eachmatrixblock, it requiresthe
correspondingvectorblockx (q) to performamatrix-vector
multiplication.To ensurethattheblock-basedalgorithmre-
mainsfaithful to the original Gauss-Seidelalgorithm, we
have to take specialcarewith vectorblockswhich arebe-
ing computedby otherprocessesin thesameround. More
speci�cally, we needup-to-datevaluesof thevector-blocks
for thecaseswhereq � p. For q > p, this is not thecase.
Furthermore,for q < p � k, thevectorblockshave already
beenupdatedin previous rounds. Hence,we can safely
startby dealingwith thesematrixblocks.For theremaining
blocks,i.e. thosein the rangep � k � q < p, we needto
wait for theprocesswhich is computingthatblock(i.e.pro-
cessp � q) to �nish computingit beforewecanuseit. This
procedurecanbeobservedby thereplacementof lines3–4
from Figure2 with lines3-7 in Figure3. Finally, at theend
of the round,processk hasto wait for the otherprocesses
to �nish beforeprocessingto thenext round(seeline 10 of
Figure3). Notealsothatalthoughthealgorithmeffectively
cycles throughall N blocks in eachrow of blocks in the
matrix, in practice,many of theseblockswill beempty(all
zero)andcanbeignored.

3.3 Preconditioning

Next, we introducean improvementto the algorithms
describedabove basedon preconditioning. This method
works by modifying the order in which the subvectorsof
the solutionvectorareupdatedin eachiteration. It is in-
spiredby traditional preconditioningmethodsfor Gauss-
Seidel,most of which perform a kind of incompleteLU
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1. for (p = f k; k + P; : : :g)
2. temp := b (p)

3. for eachblockA (pq) with q < p � k or q > p
4. temp := temp � A (pq) x (q)

5. for eachblockA (pq) with p � k � q < p
6. wait for processp � q
7. temp := temp � A (pq) x (q)

8. for (0 � i < np; i 6= j )
9. x (p) i := (temp i �

P
0� j <n p

A (pp) ij � x (p) j )=A (pp) ii

10. synchronisewith otherprocesses

Figure 3. Parallel algorithm for an iteration of Gauss­Seidel (process ID=k).

factorisation. A full LU decompositionwould reducethe
numberof iterationsto one;an incompletedecomposition
canstill provide a usefulimprovementin theconvergence.
In the resultingU matrix of a full LU decomposition,the
numberof non-zeroelementsin eachrow tendsto decrease
from the top to thebottomof thematrix. In our precondi-
tioningmethod,wetry to achieve thesameresult,but at the
level of matrixblocks.

We �rst de�ne a BooleanN � N matrix B , represent-
ing the MTBDD block structure,i.e. B pq is 1 if matrix
block A (pq) is non-emptyand0 otherwise.We thende�ne
Bp =

P
0� q<N B pq for any 0 � p < N . In the block-

basedGauss-Seidelalgorithmof theprevioussection,each
iteration updatesthe N subvectorsof the solution vector
x in the order0; 1; : : : ; N � 1. To apply preconditioning,
we insteadupdatethem in the order i 1; i 2; :::; i N , where
B i 1 � B i 2 � ::: � B i N . In thenext section,we will show
how this approachcanreducethe numberof iterationsre-
quiredfor convergence.

4 Experimental Results

Wenow presentexperimentalresultsto evaluatetheper-
formanceof theparallelisedGauss-Seidelmethodfrom the
previous sections. We implementedour methodsby inte-
gratingtheminto the PRISM 2.0 modelchecker [14]. We
useda selectionof casestudies,including three CTMC
models (a �e xible manufacturing system (FMS) [8], a
Kanbanmanufacturingsystem[7] anda workstationclus-
ter [11]) and a DTMC model (multiplexing of unreliable
NAND gates)[21].

For the CTMCs, we model checked CSL properties
which required computation of the steady-stateproba-
bilities; for the DTMC, we veri�ed a PCTL property
which requiredcomputationof reachabilityprobabilities.
For each example, we can generatemodels of varying
size by changing one or more parameters. For more
information about the examples, their parametersand

the correspondingproperties, see the PRISM web site
(www.cs.bham.ac.uk/˜dxp/prism).

First, we give somestatisticsto show the memoryus-
ageof theMTBDD-basedstorageschemewe use.As dis-
cussedearlier in the paper, by selectingdifferent levels of
theMTBDD, wecancreatedifferentdecompositionsof the
matrix into blocks,which will have varying memorycon-
sumption. Figure4 shows the variation in memoryusage
for a selectionof models. As expected,for levels either
very low or veryhighin theMTBDD, wegetamuchhigher
memoryusage.In the formercase,we arehaving to store
very large submatricesexplicitly; in the latter, we arecre-
atingvery smallsubmatrices,but theinformationaboutthe
structureof theblocksis itself a very largematrix. In fact,
for eachgraph,the left-mostpoint plottedis equivalent to
the creationof a fully explicit (sparsematrix) representa-
tion.

Themagnitudeof thedropin themiddlesectionempha-
siseshow compactour representationremains,comparedto
theexplicit version.It canalsobeseenthat thereis a wide
rangeof valuesin themiddleof thegraphfor whichwecan
achieve sucha reduction. For the resultsin the remainder
of this section,we manuallyselecteda suitablelevel. In
future, we plan to investigate this areafurther and derive
appropriateheuristics.

Next, we show timing statisticsfor modelcheckingus-
ing fourseparateimplementations:sequentialsymbolicver-
sionsof the JacobiandGauss-Seidelmethods,the �rst of
which wasalreadyavailablein PRISM2.0,andthesecond
of which is now availablewith our new formulation; and
the parallelisedversionof Gauss-Seidel,with andwithout
preconditioning.

Our experimentswere performedon an SMP PC with
two 2.0 GHz Intel Pentium4 Xeon processorsand 1 GB
of main memoryrunningLinux. Parallelisationis imple-
mentedwith threads,usingthepthreadpackage.Storagein
memoryof thematrix A andvectorb describingthelinear
equationsystemis sharedbetweenthreadsbut sinceonly
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Table 1. Total execution times (seconds) for each implementation.

Model States Sequential Sequential Parallel Parallel
Jacobi GS GS GS(pre.)

FMS (N=6) 537,768 128.3 110.6 55.1 49.7
FMS (N=7) 1,639,440 461.0 413.9 220.5 191.5
FMS (N=8) 4,459,455 1800.7 1294.7 724.3 620.4

Kanban(N=5) 2,546,432 346.5 268.8 149.0 127.1
Kanban(N=6) 11,261,376 2087.8 1688.0 945.7 828.6
Cluster(N=256) 2,373,652 1144.6 334.3 257.2 257.7

NAND (N=40,M=3) 1,004,821 103.6 178.2 88.8 88.9
NAND (N=40,M=5) 2,003,041 408.9 590.8 285.6 284.8
NAND (N=40,M=7) 3,001,261 913.5 1181.4 590.0 589.7
NAND (N=40,M=9) 3,999,481 1618.0 1978.7 999.9 998.7

read-accessis required,no synchronisationis performed.
In fact, the sameis true of the solutionvectorx since,al-
thoughit is both readandwritten by all threads,different
partsof the vectorareaccessedby differentprocessorsall
thetimeduringtheexecution.Thesynchronisationreferred
to in lines6 and10of Figure3 is implementedwith thecon-
dition variablemechanismprovidedin thepthreadpackage.

Table 1 shows the actual (total) run-timesfor our im-
plementations.Figure 5 shows the speed-upof eachap-
proach,relative to the sequentialGauss-Seidelcase. Our
�rst observation is that our new (sequential)implementa-
tion of Gauss-Seidelis generallyfasterthantheold Jacobi

implementation.This is to beexpectedsinceit usuallyre-
quires less iterationsto converge (in fact, for the NAND
example,the convergencerate is unchangedandthe over-
headin computationmeansGauss-Seidelis actuallyslightly
slower).

Secondly, we notethatour parallelisationof theGauss-
Seidel algorithm is effective: the averagespeed-upover
theseten benchmarkexamplesis approximately1.8. Fi-
nally, we seethat in half of the casesthe preconditioning
providesa further improvement. This is dueto the reduc-
tion in iterationsfor convergencerequired.For theNAND
andworkstationclusterexamples,the convergencerate is
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Figure 5. Speed­up in execution time for each implementation.

Table 2. Chang es in convergence rate due to preconditioning.

Model Iterations
Original Precond.

FMS (N=6) 812 750
FMS (N=7) 966 879
FMS (N=8) 1,125 1,059

Kanban(N=5) 461 460
Kanban(N=6) 622 594
Cluster(N=256) 1002 1002

NAND (N=40,M=3) 480 480
NAND (N=40,M=5) 800 800
NAND (N=40,M=7) 1120 1120
NAND (N=40,M=9) 1440 1440

unchanged.This is becauseeachrow of blocksin thema-
trix A hasthesamenumberof non-zeroblocksandhence
our preconditioningtechniquehasno effect. We give the
precise�gures for theconvergenceof eachexamplein Ta-
ble2.

5 Conclusionsand Futur eWork

In this paper, we have presentedan MTBDD-based
methodfor the Gauss-Seidelalgorithm and its paralleli-
sation,with a target platform of sharedmemorydual- or
quad-processorworkstations. We implementedour tech-
niquein theprobabilisticmodelcheckingtool PRISMand,
on a rangeof examples,illustratedanaveragespeed-upof

1.8usingtwo processors.Wewerealsoableto optimiseour
approachfurtherwith asimplenotionof preconditioning.

Presently, grid systemsareattractinga lot of attention.
Nodesof grid systemsareusuallyclustersof PCswith dual-
processors,connectedbyahigh-speednetwork. Fromanar-
chitecturepoint of view, suchsystemsexhibit propertiesof
bothsharedmemorysystemsandmessagepassingsystems.
In future,we areplanningto fully paralleliseour approach
for useon grid systems,by investigating a combinationof
thedual-processorapproachin thispaperwith otherparallel
technologiesfor themessagepassingmodel.

We would like also to investigate MTBDD-basedpre-
conditioningmethods.It is widely acceptedthatprecondi-
tioning methodsareessentialfor theef�ciency of iterative
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algorithms. MTBDD-basedimplementationsof iterative
solution methodsrequirepreconditioningmethodswhich
preserve theregularity of thedatastructureusedfor matrix
storage.We have demonstratedonesuchapproachin this
paper. We planto continuedevelopingef�cient techniques
to supportpreconditioningfor symbolicimplementations.
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