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* Uncertain MDPs with rectangularity assumptions
»  MDPs plus epistemic uncertainty: set of transition functions
» control policies + robust control
» environment policies - static vs dynamic uncertainty
» robust value iteration (robust dynamic programming)
» implementation with interval MDPs (IMDPs)
»  non-memoryless policies (static uncertainty)
» generating / learning intervals
» uncertainty set representations

» tool support: PRISM



Course contents

o Sample-based uncertain MDPs

» removing the transition independence assumption

e Bayes-adaptive MDPs

» maintaining a distribution over the possible models



Sample-based UMDPs



M = (S, sy, A, P, C, goal)

« SSP: Minimise the expected cost of reaching a target state set goal C §

» fora cost function C : § XA — R

. minimise V*(s) = E*(X®) where X“(syagsa;...) = 220 C(s;, a;)

* Assumptions for SSP
»  goal states are absorbing and zero-cost
v there is a proper policy (i.e., which reaches goal with probability 1 from all states)

» every improper policy incurs an infinite cost from every state
from which it does not reach goal with probability 1



Shallow area with islets -
requires human intervention to
navigate from, cost=40

Open area, autonomous
navigation allowed, cost="1

* Reach goal location subject
{0 currents

* Mission to be executed
between bam and 6pm

» Navigation policy must
pertform well under all
environment conditions
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No disturbances - P,
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No disturbances - P,

V% 2(s5) = 5

11

V2 (s50)
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East currents - P
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West currents - Py,
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P = {P,, Py, Pq, Py, Py}

*
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Rectangularity assumption
means environment can
choose the most damaging
current for every state-action
palr
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means environment can
choose the most damaging
current for every state-action
palr

« Action: move up (V)

« Action: move east (£)

Rectangularity assumption ’ k
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Sample-based UMDPs

We will consider SSP MDPs

M = (S, sy, A, P, C, goal)

No rectangularity assumption

P ={P,,....,P } where P,: S X A — Dist(S)




Considering dependencies

* Considering dependencies reduces conservativeness of solutions

e |t also enables adaptivity to environment conditions
» |f currents are pushing me north, then | can navigate west of the high cost area
»  Optimal policies are typically finite-memory and randomised

»  Solution approaches are typically NP-hard

* We will look into approximate solutions from now on
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Worst-case optimisation

M = (S, sy, A, P, C, goal)

P ={P,,....,P } where P,: S X A — Dist(S)

V¥(s) = min max V®(s)
rell Pe{P,,...,P }

Solutions can be too conservative

Requires finite-memory randomised policies
NP-hard

Not well studied
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Regret optimisation V*P(s) = argmin__;;V*F(s)
reg™(s) = VPP(s) — VF(s)

M = (S, 55.A. P, C. goal) V(s) = minmax reg™ (s

P ={P,,...,P,} where P, : S X A — Dist(S) * Requires finite-memory randomised policies

e NP-hard
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No disturbances - P,

V% 2(s5) = 5

11

V2 (s50)
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South currents - P

V7%s(s0) = 6.25

VA Fs(se) = 13

— <~ — — — -

— — 4— 44— —
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vifisy| Pz | Pn | Pw | Pp | Ps
5 | 431 | 5 |14.05| 6.25
11 | 9.4 |10.89 11.05| 13
9 767 |16.61 | 9.69 | 10.75
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Max

14.05

6.25

10.89

11.06

7.6/

16.61

9.69

13

14.056

13

10.75

10.01

V*(s) = min

rell Pe{Py,...,.P,}

max

VEE(s)
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rell Pe{Py,...,.P,}

max

VEE(s)

reg™f ' (s) = VPP(s) — V>F(s)

vebisy| Pz | Py | Pw | P | Py | Max

5 |431| 5 |14.05| 6.25 | 14.05

11 | 9.4 |1089|1105| 13 | 13 D

9 | 767 16.61| 9.69 | 10.75 | 16.61

V"(s) = min

oy P, | Py | Py | Pp| P

0 0 0 | 436 | 0

6 | 500 | 589 | 1.36 | 6.75

4 | 3361161 0 | 45
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V¥(s) = min max V*®(s)

rell Pe{Py,...,.P,}

vebisy| Pz | Py | Pw | P | Py | Max
5 4.31 5 14.05 | 6.25 | 14.05
11 94 |10.89|11.05| 13 13
9 /7.67 | 16.61 | 9.69 | 10.75 || 16.61

D reg™f(s) = VPP(s) — VI(s)

V"(s) = min max reg™" (s)
rell P

wwss | 0 | O | O |436| 0 | 436

\_///
6 | 509 | 589 | 136 | 6.75 | 6.75
4 336 1161 0 | 45 | 1161
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Optimising regret in sample-based UMDPs

—or finite-horizon MDPs, one can find approximate solutions by solving an

optimisation problem

<

>

We will see a variant of this formulated later

Suboptimalty bounds for the solution can be provided [Ahmed et al.’17/]

>

-or sample-based uncertain SSPs, we do not know of a solution method

Not even approximate

 We will go over an approximate solution for sample-based uncertain SSPs

>

Brings ideas from robust value iteration whilst maintaining some notion of dependency
between transitions
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 We can evaluate the regret of a policy via dynamic programming

reg™"(s) = Z (s, a) . [Cgy(s,a) + Z P(s,a,s’) . reg™" (s"]

acA s'eS

where reg™ (g) = 0 for all g € goal

|C(s,a) + Z P(s,a,s") .V P(s) —

s'es

and C? (s,a)

gap

Q-value of action a, Q(s, a) Optimal vale

p .
o Cgap(s, a) is the gap between

» Taking action a at s and then following the optimal policy

» Following the optimal policy from s
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O G
V*P(s;) = 10 to

V*’P(Sz) — 1 a2
V() =1+ 0.8V(sy) + 0.2V (s3) = 3.8 °

0.5
VP(sy) =34+ 0.5V (s)) + 0.5V (s3) = 9.9

reg™(s,) = 0

Regret of &, which takes action a, in sy

i, P _
Fegﬂ,P(S) — Z (s, a). [Cgap(s, a) + Z P(s.a,s") . re gﬂ,P(S/)] reg (S3) = ()

acA s'eS reg”’P(S4) — ()

where ree™"(9) = 0 for all ¢ € e0al
e ) v CP (s1.a) =[1+0.8-10+02-1]-3.8=54
and CF. (s.a) = [C(s, a) + Z P(s,a,s") . VP(s)] — VP(s)

gap

reg”’P(sl) =544+08:-0402-0=54
Cgap(s(), ay) =[3+05-38+0.5-10]-99=0
reg”’P(SO) =04+05-04+05-54=2.7

s'eS
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V:E(sy) = 10

V(s =1
ViP(s) =1+ 0.8V"F(s,) + 0.2V (s3) = 3.8

VP(sy) =34+ 0.5V (s)) + 0.5V (s3) = 9.9

» Regret of &, which takes action a, in sy

reg™f(s) = Z (s, a). [Cgap(s, a) + Z P(s,a,s’) .reg™"(s")]

aceA s'es

where reg™"(g) = 0 for all g € goal

and CF. (s.a) = [C(s, a) + Z P(s,a,s") . VP(s)] — VP(s)

gap
s'eS

V() =3+05-10+0.5-(14+0.2-14+0.8-10)=12.6
reg™ (so) = V*F(sy) — V'*(sy) = 12.6 — 9.9 = 2.7

reg™ (sy) = 0
reg™(s3) = 0
reg™(s;) = 0
Ch (s1,a) =[1+0.8-10+02-1]-3.8 = 5.4

reg”’P(sl) =544+08:-0402-0=54
Cgap(s(), ay) =[3+05-38+0.5-10]-99=0
reg”’P(SO) =04+05-04+05-54=2.7
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V*P(s;) = 10 to

V*’P(Sz) — 1 a2
V() =1+ 0.8V(sy) + 0.2V (s3) = 3.8 °

0.5
VP(sy) =34+ 0.5V (s)) + 0.5V (s3) = 9.9

reg™(s,) = 0

» Regret of &, which takes action a, in sy

i, P _
regn,P(s) — Z (s, a). [Cgap(s, a) + Z P(s,a,s") . re gﬂ,P(S/)] reg (S3) = ()

acA s'eS reg”’P(S4) — ()

where reg™'(2) = 0 for all ¢ € goal
reg™ (g) g € goa Cﬁap(b’p a,)=[1+0.8-10+02-11-3.8=5.4

and CF (s.a) = [C(s.a) + ) P(s.a,s).V"F(s)] = V"F(s)

reg”’P(sl) =544+08:-0402-0=54
Cgap(s(), ay) =[34+05-3.84+0.5:-101-99=0
reg”’P(SO) =04+05-04+05-54=2.7

s'eS

VAP(sy) = 3 + 0.5 - 1€ 02-140.8-10) = 12.6

reg™ (sy) = V' (sy) — VF(s)) =126 — 9.9 = 2.7 .



Robust value iteration for regret

8:

9:
10: until maxscs(|reg™ (s) — regoia(s)]) < €

. Compute V**'(s) forall PP and s € S
D T 4 nal

: reg” (s) < 0 for all s € S

. repeat

guqu;ooww

Can be solved by checking all

for all s € S do combinations of a and P

regoid(s) < reg” (s)

reg’ (s) + géig max Cyop(s,a) + Z P(s,a,s )reg"
_ s’eS

T(8) argergin max Cyop(s,a) + Z P(s,a,s )reg " (s")

Regret for s calculated under

€5 - the same P as §

end for

« Choose different P per step

4

4

4

Assumes rectangularity - too much power to the environment
Next, we will fix P for n steps

“ven in &P is rectangular, solution is approximate

—Xpected, as optimising regret is hard, even tfor rectangular uncertainty sets 56



. An n-step option is defined as 0 = (s, 7, goal’, n), where:
» 5y € S is the initiation state
v 77§ — A is the option policy
v goal”? C §is a set of termination states
» 1 € N is the maximum number of steps

* An n-step option Is executed untll
» A state in goal? is reached, or
» N steps have occurred

e Analysing the Markov chain induced by applying o for n steps, we can compute:
» The state distribution after applying o in s € 5 for n steps, Pr(s’ | s, 0)

» The expected cumulative cost for applying o in s € § for n steps, ng’(s)

57



o For M =
O

<

(S, 59, A, P, C goal) with P € &P, we define the n-step option M

=(S,0,,P°, C%" oap» 0al), where:

» O, is the set of all n-step options starting in some s € § and goal termination condition

goal’ = goal

P?: 8 X 0O, = Distr(S) is the transition function such that for o = (5, z°, G, n):

P°(s,0,s") = {

Pr(s’'|s,0) Ifs=7%s
0 otherwise

CJ(s5,0) = [V;;»P(s) + ) P%s,0.5). V*’P(s’)] — V(s)

s'es

Policy for n-step option M

D

? oS — O, maps state to option to be applied

- as
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S, = Lk
02 SOI_)N
Sy S
03 SO|—>E
s = N
04:SO|—)E

si—> W
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N-step option MDP

reg™(s) = CP (s, 7(s)) + ) P(s,(s),5") . reg™(s")]

s'es

B

reg®’ (s) = ngg(s, o(s)) + 2 PO(s, 6(s), s") . reg®" (s")]

s'es



N-step dependency robust value iteration for regret

%

9:

10:
11:
12:

Compute V*¥'(s) for all P€ P and s € S
o <+ nul
reg’(s) < 0 for all s € S .
repeat Can be solved by checking all
e + 0 combinations of o and P°. However,
for all 5 € 5 do enumerating all n-step options is too
regoid <— reg’ (s)

expensive

reg” (s) < Oré%n max Cob(s,0) + Z P°(s,0,5 )reg’(s')
" s'eS

o(s) + al;gECr;rl?jn max Cob(s,0) + Z P°(s,0,5 )reg’(s')

L s'eS
e < max(e, |reg?(s) — regordl)
end for
until e < ¢

* |nner problem is a finite-horizon regret optimisation
» We will pose as optimisation problem
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min

S.T.

* Optimisation variables:

» reg®(s,,,) is the total regret
we wish to minimise
reg”(Seur) v 9(s, a, t) is the randomised
) option policy to be applied
reg’(s. ) > V(s ,0)+c'(s. 00— V(s ) VPe & for n steps
0f(s,a,1) = C(s, ) Vse€S,acAPePi=n—1 > V(51 isthevalue of

applying ¢ for n steps

P,,tZC, Paalpaatl o ,
Q, (s,a,t) (s, a) Z (s,a,s)Q, (s,a ) VseS,aeA,PePt<n—1 } Qrf(s,a,t)lsthevalueof

s'eS . .
- applying a from timestep f to
timestep n
V,f(s,t)=Zﬂo(s,a,t)°Q,f(S,a,t) Vse€S,aeA,Pe P r<n—1 "
a€A , ¢'(s,1) is the regret
0
Ps,a,1) = ZP(S’ a.s) - cP(s 1+ 1) VsE€S.a€cAPeE P t<n—1 accumulated by aafter.ﬂ
: has been executed, weighed
s'eS Co .
. by the state distribution after
cl'(s,a,t) = 2 P(s,a,s’) - [reg’(s") + VP (s)] VseS,aeA,Pe P t=n—1 executing ¢
s'eS

, ¢’(s,a, ) backpropagates

c’(s,1) = Z 7°(s, a, ) - ¢ (s, a, 1) VseS,aeA,Pe P t<n-1 the cost from timstep n to
acA timestep 0 62



min

S.T.

* Optimisation variables:

>

Quadratic constraints. Can
be approximately linearised using
separable programming

reg°(s.,,)

reg G(Scur) > VrIzD (Scura()) + CP(Scurao) o V*,P(Scur)

Q,f(s, a,t) = C(s,a)

0f(s,a,t) = C(s,a) seESaeAPeEPt<n—1

V,f (s,1) = Z n°(s,a,t)” Q,f (s,a,t)

aceA

VseS,aeA,Pe L t<n-1

cl(s,a,t) = ZP(S,a,s’)-cP(s’,t+ 1) VseS,aeA,Pe P t<n—1

s'eS
cl(s,a,t) = 2 P(s,a,s) - [reg®(sh + V L(s)] VseS,ae A Pe P t=n-—1
s'eS "
4
c(s,1) = Z”O(Saa»t) - c'(a,1) VseS,aeA,Pe P,t<n—1
a€eA

aceAPe P t=n—-1 >

reg°(s.,,) is the total regret
we wish to minimise

7°(s, a,t) is the randomised
option policy to be applied
for n steps

V¥ (s, 1) is the value of
applying ¢ for n steps

Q,f(s, a,t) is the value of
applying a from timestep ¢ to
timestep n

cl(s, 1) is the regret
accumulated by o after 7

has been executed, weighed
by the state distribution after
executing ¢

cf'(s, a, t) backpropagates
the cost from timstep n to
timestep O 62



summary

 For many practical problems, one wants to consider dependencies between
transitions

» Breaks rectangularity assumption

»  Enables less conservative behaviour

» Enables adaptive behaviour
»  Problem becomes hard to solve optimally

We |looked at approximation techniques

* Regret is a suitable measure which trades-off robustness and conservatism

« We optimise for regret where we assume n-step rectangularity rather than (1-step)
rectangularity
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